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Abstract. Let be a p-adic discrete valuation ring with residue field ad- 
mitting a finite p-basis, and let flbea formally smooth adic <?x-algcbra which 
satisfies some reasonable finitencss condition. We construct an anti-equivalence 
of categories between the categories of p-divisible groups over R and certain 
semi-linear algebra objects which generalise (ifi, S)-modules of height ^ 1 (or 
Kisin modules). A similar classification result for p-power order finite flat 
group schemes is deduced from the classification of p-di visible groups. We also 
show compatibility of various construction of (Z p -lattice or torsion) Galois 
representations, including the relative version of Faltings' integral compari- 
son theorem for p-divisible groups. Various partial results are obtained when 
we consider more general kind of p-adic base ring R (not necessarily formally 
smooth over 0k)- 
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1. Introduction 

One of the main motivations of p-adic Hodge theory, initiated by Fontaine, is 
to prove comparison isomorphisms between various p-adic cohomologics of varieties 
over p-adic fields (such as etale, crystalline, and de Rham cohomologics), and we 
now have very satisfying theory. Recently, the formalism of p-adic Hodge theory 
(such as period rings and admissible representations) have been generalised to the 
relative setting, most notably by Brinon. See [BrilOj for a summary of the current 
status of "relative p-adic Hodge theory"Q 

One of the most accessible "test cases" of (absolute) p-adic Hodge theory is p- 
divisible groups. This case is also important in its own right because it is closely 
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^For more recent developments, see ISchl2l which was built upon the theory of perfectoid 
spaces [Schlll . 
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related to the study of abelian varieties with good reductions. Therefore, it is 
natural to ask what we can say about p-divisible groups over a more general base 
with the formalism of relative p-adic Hodge theory. 

In this paper we generalise the classifications of p-divisible group by strongly 
divisible modules and (tp, @)-modules of height ^ 1 over a p-adic affine formal 
base which is formally smooth over some p-adic discrete valuation ring (with some 
reasonable finitcncss condition). We also recover, when p > 2, the p-adic integral 
Tate module of a p-divisible group from the corresponding semi-linear algebraic 
objects. 

Let us describe our main results in a simplified setting. (For the actual assump- 
tions on the base ring R, we refer to 93. 31 and 97.11 ) For simplicity, let k be a perfect 
field of characteristic p > 0, and let W denote its ring of Witt vectors. Let K be a 
finite totally ramified extension of Frac W, and we let 0k denote its valuation ring. 
We fix a uniformiser w G 0k- Let R be a formally smooth adic ^--algebra such 
that £Ir/0 k is finitely generated over R, and i? ro d is finitely generated over k. We 
further assume that there exists a VF-subalgebra i?o C R such that 0k®w Ro = R- 
(The last assumption is automatic by Lemma 1231 ) Note that all our main results 
in the "integral theory" depend upon the choice of w and Rq. 

For a p-divisible group G over R, let B* (G) denote the contravariant Dieudonne 
crystal associated to G. We construct (in 33. 3p a divided power thickening 5 -» R 
which generalises 5 — » 0k- 

Theorem 1 f Theorem 13. 5p . Let R be as above, and we use the notation from 
Then there is an exact anti- equivalence of categories, defined by G B* (G)(5), 
from the category of p-divisible groups over R to the category MF s '(y), V°) of Breuil 
modules (ci., Definition 1 3. 3. 3\) . 

Note that when R = 0k, one can replace Breuil 5-modules with certain W[[u]]- 
modules with simpler structure. In the relative setting, we have a subring 6 = 
Ro[[ u }] Q 5. We also define Kisin ©-modules (c/., Definition 1 7. 1 . 1|) in the manner 
analogous to the case when R = &k , except that we need to consider a connection 
in the relative setting in general. 

Proposition 2 (Proposition 17. 3|) . The scalar extension 9Jt -w 5 <E) Vt e 9# induces an 
exact equivalence of categories from the category of Kisin & -modules to the category 
of Breuil S -modules. 

Proposition [2J was proved in [CL.09, §2.2] when R = &k and p > 2. We modify 
this proof in the relative case (which also works when p = 2). 

Corollary 3 ( Corollary 1 7 . 3 . 1 ( 1 . There exists an exact anti-equivalence of categories 
from the category of p-divisible groups over R to the category of Kisin <S-modules. 

Note that the equivalences of categories in Theorem [T] and Corollary [3] depend 
upon the choice of va and Rq, so they do not behave well under arbitrary base 
change, but they behave well under etale base change. (Cf. Lemma [23]) 

Finally, the semi-linear algebra objects appearing in Theorem fT] and Corollary[3] 
carry connections. In some cases when the (anti-)equivalences of categories were 
constructed without connection, we can remove connections from the statement 
using Vasiu's construction of moduli of connections |Vasl21 §3] . (See 94.21 for more 
details). 

Let us now discuss the p-adic Tate module representation and integral p-adic 
comparison isomorphism. Assume that R is a domain, and let R denote the nor- 
malisation of R in the affine ring of a pro-universal covering of Speci?[^]. Choose 

e R for n ^ so that = w and {vj^ n+ ^Y = w {n \ We construct 
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a "perfectoid subalgebra" Roo C R (in the sense of Scholze [Schll] ). which was 
constructed, roughly speaking, by adjoining cr/W and compatible p-power roots 
of lifts of local p-basis of R/(m). (Cf. fTEJ) Set Q R := Gal(R[^\/R[^]) and 

:= Gai(t[±]/iu|])- 

We localise R if necessary to ensure that a relative period rings have nice prop- 
ertied, and embed S into A CI i S (R) using our choice of in such a way that 
respects all the relevant structures {cf., tJ6.1[) . Using this we can define a Z p -lattice 
C/ij-representation T* ris (M) for any Brcuil ^-module M (cf., (|6.4.1|) . t}6.5|) . Also, 
by the theory of (relative) etale tp-modules, one obtains a natural Zp-lattice Qr x - 
representation T*(9Jt) for any Kisin 6-module 971 (cf., Lemma 1531) . 

The following theorem is obtained from the same argument as in [Fal99l §6, 
Thm 7] and the proof of [Kis06, Theorem 2.2.7], respectively. 

Theorem 4 (Theorem 16.31 Corollary 16.4.21 Proposition 19. ip . Assume that the con- 
dition (Sm) in §5.4\ is satisfied. Let G be a p- divisible group over R, and A4 := 
H)*(G)(S). Let SEJl be the Kisin &-module corresponding to G. 

(1) The Q ^-representation V P (G) is crystalline in the sense of Brinon, and we 
have Dl lis (V p (G)) = D*(G) as filtred (<p, V) -modules (d., Examvle \5.b\l\) . 
Furthermore, there is a natural infective Q R-map T p (G) — > T* ris (M), which 
is an isomorphism if p > 2. 

(2) For any p, there is a natural infective £/~ -map T*(97t) — > T* ris (A4) whose 
image is T p (G). 

Note that when G = A[p°°] for an abelian scheme A over Speci?, Theorem [U[T]) 
gives a comparison morphism between the first etale homology and the first crys- 
talline homology with constant Q p - and Z p - coefficients. 

Very recently, Peter Scholze proved the comparison isomorphism between rela- 
tive p-adic etale cohomology and relative de Rham cohomology for proper smooth 
morphisms / : X — » Y of varieties over a p-adic field with perfect residue field 
|Schl2[ Theorem 1.9]. Presumably, it should be possible, in the near future, to 
generalise the proof to handle (log-) crystalline cohomology in place of de Rham 
cohomology when / has a (log-)smooth integral model, which can be thought of as 
a "generalisation" of (at least the Q p -coefficient statement of) Theorem |U[T]) . 

Finally, we state our main result for commutative^ finite fla10 group schemes: 

Theorem 5 (Thcorcm llU.51 Proposition ll(J.6TTj) . There exists a natural anti-equivalence 
of categories H <~^> DJl*(H) between the category of p -power order finite flat group 
schemes H over R such that H[p l ] is flat for each i and the category (Mod FI) S 1 (<^, V°) 
of certain "torsion Kisin & -modules" ( Definition 1 1 U. 373\) . Furthermore, we have a 
natural Q~ -equivariant isomorphism H(R) = T*(0Jl*(H)). 

When R = 6'k with perfect residue field, all our main results are known already. 
Theorem HJHJ) is proved by Faltings [Fal991 §6], while the first assertion was already 
proved by Fontaine |Fon821 Thcoremc 6.2]. Whenp > 2, Theorem[T]was first proved 
by Breuil [BreOOj and all the remaining statements were proved by Kisin |Kis06j . 
We know have the When p = 2, Kisin proved these results for formal p-divisible 
groups and infinitesimal finite flat group schemes in |Kis09j . and the remaining 



2 Indeed, we will work with slightly more general rings than Brinon [Bri06, Bri08]. See 95.4l for 
more details. 

*Tn this paper, we only consider commutative finite flat group schemes, so we will often suppress 
the adjective "commutative". 

4 When the base is not necessarily noetherian, we actually work with finite locally free group 
schemes. Note that by the nature of the proof, non-noctherian base schemes come up in the proof. 
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case was handled independently by Eike Lau [LaulOci ILaulOaj and by the author 



When p > 2 Brinon and Trihan |BT08j generalised the results of Kisin [Kis06 
and Faltings [Fal99l §6] to p-divisible groups over a p-adic discrete valuation ring 
with imperfect residue field admitting finite p-basis. 

When &k is absolutely unramified with perfect residue field and R is of topo- 
logically finite type over &k = W(k), Theorem [TJ Theorem 2HT|) , and Theorem [5] 
were proved by by Faltings |Fal891 §VII] . was proved in an unpublished manuscript 



When R is complete local noetherian with perfect residue field, Corollary [3] was 
proved by Eike Lau [LaulOcj generalising Vasiu and Zink [VZlOj . Indeed, they 
proved a stronger result as they classified p-divisible groups by ©-modules without 
connection. On the other hand, our result allows more general rings R such as 
p-adic completion of a smooth ^--algebra. 

Our approach is to generalise Kisin [Kis 06, §A, §2.2, §2.3] and Faltings |Fal99[ 
§6] in a similar way to Brinon and Trihan |BT08| ; namely, we prove Theorem [TJ 
by "lifting" A.J. de Jong's result on Dicudonne crystals |dJ95j via Grothendieck- 
Mcssing deformation theory [Mes72| . and apply the same argument as [Fal991 §6] 
to show Theorem HHJJ . We then prove Proposition [5] by generalising [CL 09, §2.2]. 
This allows us to avoid the rigid analytic construction (c/., |Kis06l §1] and |BT08l 
§4]), which is hard to generalise to the relative setting. Finally, we generalise the 
idea of |Kis06[ §2.3] to obtain Theorem^ Note that the presence of connection in 
the relative setting complicates the argument, and we use Vasiu's construction of 
moduli of connections. 

We expect that by working with log Dieudonne crystals we can generalise all 
the results in this paper to p-divisible groups over some semi-stable bases using an 
unpublished result of Bloch and Kato |BK] , at least when p > 2; more precisely, we 
allow R such that R/(w) satisfies either (0.5.1) or (0.5.2) in |BKj . This case will 
be studied in the forthcoming paper. 

In £J2]wc prove some lifting result, which is need for constructing & and S. In §3] 
we introduce various semi-linear algebra objects and prove Theorem [TJ when p > 2. 
In tjH we review and study the consequences of the theory of moduli of connec- 
tions. In §5] we recall (and slightly generalise) the construction and basic properties 
of relative p-adic period rings. In ^S] we prove integral comparison theorem (c/., 
Theorem SHU)). 

In $7] we introduce generalisations of Kisin modules and prove Proposition [2J 
In £JH1 we recall some basic results of perfectoid algebras |Schllj and the theory of 
relative etale (/3-modulesQ In £JH]wc prove Theorem and prove the p = 2 cases 
of Theorem [TJ In §j 1 01 we study finite locally free group schemes. 

Acknowledgement. The author appreciates A. Johan deJong, Mark Kisin, James 
Newton, Burt Totaro, Teruyoshi Yoshida for their helpful suggestions. He also 
appreciates Brian Conrad for his careful reading of the earlier version of this paper 
as well as helpful suggestions, and he greatly thanks Adrian Vasiu for directing the 
author's attention to the theory of moduli of connections. 



2.1. General convention. For any ring A, a ring endomrophism <p : A — > A, and 
an A-module M, we write (p*M := A ® v .a M . We sometimes write (fA for cp to 
indicate that it is an endomorphism of A. 



'Bloch and Kato IBKI also handles the case when _R is a formal power series over = W(k). 
'These results must be well-known to experts but the author does not know any reference. 



|Kiml2j . 
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For any ideal J C A, we say that A is J-adic if ^4 is J-adically separated and 
complete. If J = (x), then we say "x-adic" instead of "(a;)-adic". 

For any p-adic IF-algebra A we let FIa(= ^^i/z p ) : = ^m ^(yi/p«)/z p denote the 
module of p-adically continuous Kahler differentials. Note that if fco is a perfect 
subfield of k then we have Qa — ^A/w(k )- We will work with £Ia only when A/(p) 
locally has a finite p-basis (cf, jdJ95[ Lemmas 1.1.3, 1.3.3]), so £Ia will always be 
finitely generated over A. 

For any noetherian ring A, we write A rc d := A/ ta,d(A), where rad(A) is the 
Jacobson radical. If A is J-adic and A/ J is finitely generated over a field, then 
j4 re( j is the maximal reduced quotient of A/ J, which justifies the notation. 

For any ring A and a divided power ideal I C A, we denote by the nth 
divided power of s £ I. 

2.2. Setting: "Formally smooth case". Let k be a field of characteristic p > 
which admits a finite p-basis (i.e., [k : k p ] < oo), and we choose a Cohen ring IF 
with residue field k; i.e., a p-adic discrete valuation ring with fixed isomorphism 
W/(p) = k. (Note that W is not a ring of Witt vectors unless k is perfect.) Let K 
be a finite totally ramified extension of Frac W, and &k its valuation ring. 

Throughout this section, we let R be a p-adic flat i^x-algebra such that R/{w) 
locally has a finite p-basis|j A.J. deJong showed that R's as below satisfy this 
condition (cf., |dJ95l Lemmas 1.1.3, 1.3.3]): 

(dJ): Let R be a formally smooth adic ^?V-algebra which admits a finitely 
generated ideal of definition Jr containing w. We suppose that there exists 
a subfield k' C R/Jr which contains k and satisfies [fc' : k' p ] < oo, such 
that R/Jr is finitely generated over k'B 
Later, we will often restrict our attention to rings R which satisfy the condition 
(dJ) in order to apply |dJ95[ Main Theorem 1]. 

Let us fix a ring endomorphism (p : W — > W which lifts the Frobenius map 
ip : k — y k. 

Lemma 2.3 (Cf. |BM90l §1], [dJ95l Lemma 1.3.3]). Let R k be a k-algebra which 
locally admits a finite p-basis. Then there exists a p-adic flat W -algebra Rq which 
lifts Rk, equipped with a lift of Frobenius ip : Rq — » Rq over the fixed lift of Frobenius 
ip : W — > IF. Such Rq is formally smooth over W under the p-adic topology. If 
furthermore Rk '■= R/(w) where R satisfies the condition (dJ) in $2.21 then any 
such Rq is Jji -adically complete where Jr is the preimage of Jr/ (w) , and under 
this topology Rq is formally smooth. 

Proof. Let us first assume that Rk locally admits a finite p-basis. By |dJ95[ 
Lemma 1.1.2], the augmentation map Lji k /k ^R k /k is a quasi-isomorphism 
where L_R fc /fe is a cotangent complex. (Indeed, there is a natural distinguished 

L 

triangle R k ® k L k /w p ->■ L Rk / ¥p -> L Rk / k ->■ [+1], and now we apply |dJ95l 
Lemma 1.1.2] to the first two terms.) Note also that QR k /k is finite projective 
over Rk by the existence of local finite p-basis. Now if Rw t is a lift of Rk over 
Wi := W/(p l+1 ), then the obstruction class for lifting Rw t over Wi+i lies in 
Ext i?fc (Ljt k /k, Rk) = Ext^ fc (Q.R k /k, Rk), which is zero. This shows the existence 
of a IF-lift Rq of R k - 

Using the same notation as above, let (pi : ip*R\Vi — > R\Vi be the Wj-lift of the rel- 
ative Frobenius map 1 ® tp : ip* Rk — > Rk over k. The obstruction class for lifting <pi 

''indeed, Lemma |2. 51 implies that such R is always formally smooth over &k- 
^We use the J/j-adic topology on _R to define formal smoothness, {cf., ldJ95l §1.3.1.1].) 
^Note that k' does not have to be algebraic over k. This flexibility of allowing fc'/fc turns out 
to be convenient for the discussion in 93.61 for example. 
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to ip i+ i : ip*R Wi+1 -> % +! lies in Ext Rk (L^* Rk y k , 

which is zero. This shows the existence of a W-lift ip*Ra — > Rq of the relative 
Frobenius map. Now, we obtain (p : Rq — >■ Rq by precomposing this lift with the 
natural inclusion Rq — > tp*Ro (defined by a t— > 1 ® a for any a £ -Ro)- 

To show that Rq is formally smooth over W, it suffices to show that Rw ( := 
i?o/(p l+1 ) is formally smooth over Wi :— W/(p t+1 ) for each i. Indeed, by |dJ95[ 
Remark 1.3.4(b)], £Ir w _/Wi is finite projective over Rwi- Now one can show induc- 
tively that the augmentation map L Rw / w . — > Vl Rw / Wi is a quasi- isomorphism, 
which implies by [111711 Ch. Ill, Proposition 3.1.2] that Rw t is formally smooth 
over Wi. 

Now, assume that Rk = R/{w) where R satisfies the condition (dJ) in ij2.2l To 
show that Rq is J^-adically complete (where Jr is as in the statement), we let R' 
be the jR -&dic completion of Rq. The natural map Rq — > R' is clearly injective, 
and the surjectivity can be checked mod p as both R and R' Q are p-adic. But Rq / (p) 
is already jR /(p)-adically complete. The formal smoothness under the J/{ -adic 
topology follows from the formal smoothness under the p-adic topology. □ 

Remark 2.4. The choice of Rq is unique up to non-unique isomorphism, while 
the choice of if is far from unique in general. Therefore, given a continuous map 
/ : Ro —t R' of formally smooth adic I^-algebras, it may not be possible in general 
to choose lifts of Frobenii for Rq and R' so that / commutes with them. We will 
see later (Lemma I2.6[) . however, that this is possible (in a unique way) if / is etale. 

Lemma 2.5. Let R be as in $2. 2\ There exists a W -algebra map i : Rq — > R which 
lifts the k-isomorphism Rq/(p) R/(w). Furthermore, the induced &K~olgebra 
map iff K : Rq ®w @k ~^ R is an isomorphism of topological fix-algebras. 

If furthermore R satisfies the condition (dJ), then we may additionally require i 
to be continuous for the Jr -adic topology. 

When R/{w) is a finitely generated algebra over k, this lemma is a consequence 
of |SGAi 1, Exp. Ill, Corollaire 6.8]. Note that the map Rq — > R in the statement 
is far from unique in general. 

Proof. Since R is (^-flat, the existence of the isomorphism ig K follows from the 
uniqueness of ^--lifts of Rj{w) (cf., the proof of Lemma l2"li|) . 

Now assume that R satisfies the condition (dJ). It remains to construct a Jr - 
adically continuous map l. By formal smooth of Rq, the natural isomorphism 
Rq/ Jr — > R/Jr has a continuous lift to Rq — > R/ J R +1 for any i > 0. By taking- 
limit we get a continuous morphism i' : Rq — > R. Let t : Rq/{p) — > R/{w) denote 
the map induced by l' , and let 1 : Rq/(p) — > R/(vo) be the isomorphism given 
by the construction of Rq in Lemma 12.31 By construction, we have l~ l o V = 
id/} /( p ) modJ Ro / (p). We obtain i : Rq — > R by modifying i! by an automorphism 
of Rq which lifts (i- 1 o If)- 1 . □ 

Let Rq be a formally smooth VF-algebra which is jR -adically complete for some 
finitely generated ideal Jr such that Ro / Jr is finitely generated over some field 
with finite p-basis. We fix a lift of Frobenius ifR over tpw- Let / C Jr be a closed 
ideal containing (p). (Often, we will take either / = Jr or / = (p).) Set R := R/I, 
and let R be a finitely generated etale i?-algcbra. 

Lemma 2.6. With the above setting, there exists a I-adic formally etale Ro-algebra 
R' such that R'q/IR' = R as R-algebras. Such an R' is unique up to unique 
isomorphism, and ifR a uniquely extends to a lift of Frobenius ipRi : R' — > R . 

Let R = Rq ®w &k, and let R' be an I-adic formally Stale R-algebra such that 
R! jlR' is finitely generated over R/I R. Let R be the lift of R := R'/(w,I). Then 
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there exists a unique R$-homomorphism R' R! which induces R' ®w &k — R' 
as R-algebras. 

It is clear that R' Q is formally etale over i?n, so R' is necessarily formally smooth 
over W. Since ip^ is uniquely determined by <pr , there will be no confusion in 
denoting both by ip in this case. 

Proof. The existence and uniqueness of R' follows from standard deformation the- 
ory (cf., Proposition 6.1 and Theoreme 6.3 in [SGA1 1]). By Proposition 5.8 in 
[SGA1 1] , there exists a unique map <p* R R' — > R' which lifts the relative Frobenius 

(pt-R -> R We set <PR' a ■ R' a -> R' to be the composition R' -> p* R(j R' a -> R' , 
where the first map is defined by a i-> 1 ® a for any a £ R' , and the second map is 
the unique lift of the relative Frobenius. 

The last assertion follows from the uniqueness up to unique isomorphism of R- 
lift of R, which provides a unique i?-isomorphism R' Q ®w &k — R 1 that lifts the 
identity map on R. □ 



3. Classification of ^-divisible groups by Dieudonne crystals 

In this section, we introduce a "relative" version of strongly divisible modules, 
and prove a generalisation of the Breuil classification of p-divisible group over a 
base ring R which satisfies the condition (dJ) in W2.2\ (and some partial result for 
more general kind of R). We follow Kisin's strategy |Kis06l §A] using the main 
results of |dJ95i ldJM99| and Grothendieck-Messing deformation theory |Mes72j . 
Along the way, we give a very brief review of crystalline Dieudonne theory. 

3.1. Review: crystalline Dieudonne theory. We follow the notation and convention 
from IBB M821IHJ95] . Let X be a formal scheme over Spf Z p , and let X := X x$ p f z p 
SpecFp denote the closed formal subscheme of X defined by the ideal (p). For 
example, if X = Spf(i?, (p)) then X = Spec R/ (p). Let (X/Z p )cpjs and (£/Z p )cris 
denote the big fppf-crystalline topoi. 

Let G be a p-divisible group over X and G := G Xx 3C- One contravariantly 
associates to G a crystal D*(G) of finite locally free C^/z p -module in such a way that 
commutes with base change. See |Mes72j . |MM74j . or p3BM82 for the construction 
(cf., jdJ95l Definition 2.4.2(b)]). In particular, since p = in X one obtains F : 
ip*W(G) B*(G) and V : D*(G) -> </?*D*(G) from the relative Frobenius and 
Verschiebung of G, and we have F o V = p and V o F = p. 

Let icRis := («cris,*, «cris) : (•^/ Z p)cris -> {%/% P )cms be the morphism of 
topoi induced from the closed immersion X ^ X. Then icris,* and «cris induce 
quasi-inverse exact equivalences of categories between the categories of crystals 
of finitely presented (respectively, finite locally free) 0-gy z -modules and 0%/z p - 
modulcs. (This follows from |dJ951 Lemma 2.1.4], noting that there is a natural 
isomorphism icRis,*C^ z = Ox/i p as in |BQ781 §5.17.3].) Since the formation 
of B* commutes with base change, we obtain a natural isomorphism B*(G) = 
icras,.(D*(G)). 

Let B*(G)3t denote the locally free Oje-module obtained from the push-forward 
of B*(G) to the Zariski topos. The construction of B*(G) also provides the following 
functorial exact sequence of vector bundles which commutes with base change: 

(3.1.1) -4 JSPie(G)* -4 B*(G) X -> £fie(G v ) -> 0, 
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The map R' — > R' is indeed an isomorphism because the relative Frobenius map 



— > R is an isomorphism by etaleness. 



8 



W.KIM 



where G v is the dual p-divisible group. This exact sequence defines the Hodge 
filtration 3fie(G)* C D* (G)x for G. 

Definition 3.1.2. A Dieudonne crystal over X is a quadruple (<?, F, V, Fil 1 <%;), where 

(1) is a crystal of finite locally free C^/z p -module. 

(2) Let S := ^\ x {= «c RI g<?), and let ip : X — > X denote the absolute Frobenius 
morphism. Then F : <p* § — > § and V : § — > p>* <§ are morphisms which 
satisfy F o V = p and V o F = p. 

(3) Let tax denote the locally free O^-module obtained from the push-forward 
of S to the Zariski topos. Then Fil 1 $x C is a direct factor as an Ox~ 
submodulc such that ^*(Fil x £ x \x) = kcr[F : ip*(g x \x) ~> &x\x]- Wc cal1 
Fil 1 $x C $x the Hodge filtration. 

If X = X (i.e., pOx = 0) then (j^J) in Definition 13. 1.21 is automatic from the other 
conditions (c/. ; |dJ95l Proposition 2.5.2]). In particular, our definition is compatible 
with [dJ95l Definitions 2.3.4, 2.4.2(b)] in this case. 

Lemma 3.1.3. For any p-divisible group G over X, the crystal B*(G) associated to 
G has a natural structure of Dieudonne crystal over X. 

Proof. It suffices to show that Fil 1 D*(G)^- coincides with the Hodge filtration for 
G, which follows from [BBM821 Proposition 4.3.10]. □ 

Remark 3.1.4. There is an obvious notion of short exact sequences of Dieudonne 
crystals. It follows from [BBM821 Proposition 4.3.1] that the crystalline Dieudonne 
functor G h-> D*(G) is exact over a base where p is locally topologically nilpotent. 

Also, one can describe the effect of duality on W(G) |BBM82I §5.3]; namely, 
B*(G V ) is the x/Zp -linear dual of ©*(G), F (respectively, V) on B*(G V ) is in- 
duced from V (respectively, F) on D*(G), and Fil 1 W(G v )x is the annihilator of 
Fil 1 B*(G)x under the natural duality pairing. 

3.2. Filtered Frobenius modules. One can understand a crystal (over an affine for- 
mal scheme) as a suitable module with connection, which allows us to describe 
Dieudonne crystals by some concrete objects. 

Definition 3.2.1 (Cf. jLaulOcl §2.1]). A lifting frame is a tuple (D, Fil 1 D, R, (p, p x ) 
where D is Z p -flat and p-adic, Fil 1 D C D is a divided power ideal which is closed 
under the p-adic topology, R = D/FH 1 D, (p :£>—>■ D is a lift of Frobenius, and 
<p\ = p/p : Fil 1 !? — > D such that the ideal generated by (/?i(Fil 1 D) is the unit 
ideal. 

Let us illustrate how to construct a lifting frame. Let R be a p-adic ring, and 
choose a p-adic Z^-flalM algebra A together with a lift of Frobenius ip : A — » A 
such that R = A/ 1 for some ideal I. Let D denote the p-adically completed divided 
power envolop of A with respect to I. (Since A is Z p -flat, it follows that D is also 
Zp-flat.) Let Fil 1 D denote the ideal topologically generated by the divided powers 
of elements in I. It easily follows that ip : A —> A uniquely extends to ip : D —> D, 
and ^(Fil 1 D) C pD^ Wc set <pi := % : Fil 1 D -> D. Although ^^Fil 1 D) may 
not generate the unit ideal in general, this is often satisfied in practice - indeed, 
one can often find an element x 6 Fil 1 D such that <p\{x) is a unit. 

llr Though we usually take A to be formally smooth over W, we allow non-formally smooth A. 
See the proof of Theorem 13.51 

12 To see that ip : D D is well defined, observe that D is also a p-adically completed divided 
power envelope for (p,I) C A, and <p(p, I) C {p,I)- To see (^(Fil 1 D) C pD, just note that 
ip : D/(p) — > D/(p) is the p-th power map so it annihilates Fil 1 D/(p). 
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For D constructed from A as above, let <fg : D — > D®a^A denote the p-adically 
continuous derivation obtained by naturally extending the universal continuous 
derivation cLa '■ A — > by setting d^(s^) := s^ n ~^dA(s) for any s £ I and n. 
(Here, a M := £.) 

Definition 3.2.2. For a lifting frame £7, let MFg((p) denote the category of tuples 
(A^jFil 1 M,(Pm><Pi) where 

(1) A( is a finite projective D-module; 

(2) Fir'.M c Ad is a _D-submodulc containing (Fil 1 D)Ad, and such that 
M I Fil 1 7W is projective over R = D/ Fil 1 5; 

(3) is a (^-linear endomorphism of Ad such that ( l®y>x ) (tp* Fil 1 ) = pAd ; 

(4) Vl = <p M /p:FiL 1 M->M; 

If Z? is constructed as a p-adically completed divided power envelope of A as above, 
then wc let MFg(<£, V) denote the category of tuples (A4, Fil 1 .M, fi, ^ m) 
where (M, Fil 1 Ad, <Pm, fi) £ MFgfi/i) and Va4 : A< -> Af is a topologi- 

cal^ quasi- nilpotent integrable connection which commutes with (pM- (Qf- |dJ95l 
Remarks 2.2.4].) 

Remark 3.2.3. Since D is Z p -flat, one can find a unique injective morphism ipM : 
Ad —> ip*M such that (1 (g) <Pm) ° V\M = pid^i and ipM o (1 (g) (p^) = pid^-^. 

Proposition 3.2.4. Lei S be a Dieudonne crystal over Spf(i?, (p)), and set A4 := 
#(5). We de/me: 

(1) X7ie linearisation 1 (8) <p» o/ <p» is induced from F : <p*(S) — > where S 
is the pull-back of $ over Spec R/(p); 

(2) Fil 1 McMis ifee preimage of the Hodge filtration Fil 1 <T (iJ) C S(R) by 
the natural projection M -» M/fFil 1 D)Ad = £{R); 

Then we have (Ad, Fil 1 Ad, ¥>m> 1 Pm/p) £ MFs(ip). If furthermore A is flat over 
Z p and A/(p) locally has a finite p-basis, then there exists a natural connection 

V m '■ Ad — > Ad (&A&A, so that S ~+ (Ad, Fil 1 Ad, <pm, <Pm/p, ^ m) induces an exact 
equivalence of categories from the category of Dieudonne crystals over Spf (R, (p)) 
to MF S (^,V) 

Proof. Let us first settle the proposition when p is locally nilpotent in R (i.e., 
when Spf(i?, (p)) = Speci?). Note that V : S — »• ip* S induces a Z)-linear map 
ipM '■ Ad — > tp*A4 such that (1®(Pm) ° V\M = P^M an d ipM (1® <Pm) = pid^*^. 
By Definition [XHUSl) wc have ip* Fil 1 <?(i?/p) = ker(F) = mx(V), so it follows that 
(1 ® </?>{)(</?* Fil 1 Ad) C pAl. In particular, the image of ^A4 is contained in the 
image of tp* Fil 1 Ad in y>*A(. So from (1 ® yijn) o -0^1 = pidx, it follows that 
(1 <g> <am)(p*A4) = pAl 

Now assume furthermore that A/(p) locally has a finite p-basis. Then, S <^(-D) 
induces a natural equivalence of categories between crystals and certain modules 
with connection, which can be deduced by repeating the proof of |dJ951 Proposi- 
tion 2.2.2]. So for a Dieudonne crystal S over R one can naturally view Ad := S(D) 
as an object of MFcj(y>, V). Conversely, by inverting the above equivalence of 

categories S $(D), given Ad 6 MFg(iy9, V) one obtains a crystal S'm over 
i? with a horizontal isomorphism Ad = Sm(D), and F : (p*Sm — \ Sm and 
V : S'm <P>* *S m induced from 1 ® ipM and ipM- (Here ipM is defined in Re- 
mark The Hodge filtration is given by Fil 1 S M (R) = Fil 1 Ad /(Fil 1 D)Ad, 
which satisfies Definition 13 . 1 . 2[| 3"j) . So we obtain a quasi- inverse Ad ~» Sm of the 
functor S ~-» S(D). This proves the proposition when p is locally nilpotent in R. 
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Now, let R be any p-adic ring, and set Ai := S'(D) for a Dieudonne crystal <§ over 
Spf(-R, (p)). Note that all the extra structures on At except Fil At depend only on 
S ', which is a Dieudonne crystal over SpecR/(p). Set Ai n '■= <°\R/(p n )(D) equipped 
with all the extra structure as in the proposition. Then the natural reduction 
map At — > At n is an ^-isomorphism compatible with Frobenius structures and 
connections (if defined), and identifies Fil 1 At n with p n At + Fil 1 At. Therefore, we 
have At —± lim At n respecting all the extra structures, and the proposition for R 
is deduced from the proposition for R/(p n ). □ 

Example 3.2.5. To construct some D, one can always take A to be a ring of restricted 
formal power series over Z p (with possibly infinitely many variables). Let us give a 
few examples of "nicer" choices of A and D. 

(1) Let Rk be a fc-algebra which locally admits a finite p-basis. Then by 
Lemma 12.31 there is a p-adic flat VF-algebra Rq with a lift of Frobenius 
<p such that Rq/{p) = Rk- In this case, we may set D = A = Rq and 
Fil 1 D = (p). Then it follows from [dJ95l Proposition 2.5.2] that the ob- 
jects in MFg(yi, V) are precisely crystalline Dieudonne modules defined in 
[dJ95l Definition 2.3.4]. 

(2) Let Rk be a k algebra, and assume that there is a surjective map Rk -» Rk 
where Rk is a fc-algebra locally admitting a finite p-basis. Then there is a 
W-lift Rq of Rk equipped with a lift of Frobenius ip : Ro — > Rq over ipw by 
the previous discussion in (JTJ) . Wc set So the p-adically completed divided 
power envelope of Rq with respect to the kernel of Rq -» Rk- Put A = Rq 
and D = So- 
One can find such Rk if Rk is Jfc-adically complete for some finitely 

generated ideal Jk and Rk/Jk is finitely generated over a field k' with 
finite p-basis; indeed, we may set Rk := k' [Ti , ■ • • , T a ] [[X\ , ■ ■ ■ , X},]] so that 
(-Rfc)red = k'[Ti,--- ,T a ] subjects onto (Rk) re d = Rk/Jk and Xj's map to 
generators of Jk- 

In both cases, p G Fil 1 D, so ipi (Fil 1 D) automatically generates D. 

Remark 3.2.6. Since the definitions of MFg(</j) and lsAF^(ip, V) depend upon non- 
canonical choices, one cannot expect to have a notion of base change for arbitrary 
map / : R — > R' of p-adic rings. If, on the other hand, one can find (A, <p) and 
(A',(p) which induce "lifting frames" for R and R', respectively (cf., iJ3.2j) . and 
there is a tp-compatible map / : A — » A 1 which reduces to /, then / extends to 
a map of p-adically completed divided power envelopes D — > D' , which respects 
all the extra structures. Note that Lemma 12.61 provides some examples of / where 
there is / with desired properties. See WS.6\ (Exl) for more details. 

Now the scalar extension Ai M! := D 1 ®g M. induces functors M.F^((p) — > 
MF-,(<^) and MF-(<p, V) -4- MFg,(^,V), as follows: we set tp M , := ip~ t ® cp Mj 
Fil 1 M! := \st[M! -» R' ® R (M/Fil 1 M% and 
(3.2.7) Vm>{s' ® m) = m ® rfg,( s ') + ^VmW 

for any s' £ D' and m£M. 

3.3. General Setting. Let k, W, and ^jf be as in W2.2{ We fix a uniformiser zu E K 
and an Eisenstein polynomial -E(m) G W[u] satisfying E(w) = and E(Q) = p. 
According to this choice, we will construct a specific choice of A and D which we 
will mainly work with in this section. 

Let R be a p-adic ^^-algebra. Assume that there exists a p-adic flat VF-algebra 
Rq together with a lift of Frobenius tp : Rq — > Rq over ip on W, such that Ro/(p) 
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locally admits a finite p-basis, and there exists a surjective map Rq -» R/(w). 
(Cf. Example 13 . 2 . 5lj 2"]) . Note that Ro is necessarily formally smooth over W.) We 
further assume that Ro is complete with respect to ker(i?o -» Rj Jfj)-adic topology 
by taking completion, which does not change the hypothesis on p-basis by |dJ95l 
Lemmas 1.1.3, 1.3.3]. 

We set (3 := i?o[M] and extend ip by (f(u) = u p . Now, let S be the p-adically 
completed divided power envelope of & with respect to the kernel of 6 — » R, and 
define Fil 1 S, ip, d s as in 33~2~1 

It is straightforward to check the following (using binomial coefficients): 

! u n 
7 fn i — TTf 5 where /„ 6 So and f n -» p-adically 
n/e 

where So is as in Example 13. 2. 5lj 2"j) and e is the degree of E(u). The equality takes 
place in So[-][M]- It also follows that Fil 1 S is topologically generated by Fil 1 So 
and the divided powers of E(u). 

Let c := p(E(u))/p. One can check by direct computation that c G S ,x . In 
particular, we have (^(^(Fil 1 S)) = S; i.e., D = S (with A = 6) satisfies the 
assumptions in W3.2{ Therefore, M.Fs(<p, V) and lsAFs(<p) make sense, and we may 
apply the results of WS.'2{ 

If R satisfies the condition (dJ) in ^2.21 then we will set Ro to be a VF-subalgebra 
of R with Ro/(p) = R/{w) (cf., Lemmas 12.31 12. 5p . In this case, we have Ro = So- 

We give the p-adic topology on all the rings. 

In addition to ds, we define another connection dg : S —> S ®r Qr by 
d s (s) := ds{s) mod du for any s <E S; more concretely, we have dg(Ylj ~jr x j) = 
J2j ^jr^Ro^j) f° r x j e which p-adically tends to 0. 

We define a derivation N : S — >• S 1 by N := —u-j^. For any s G S we have 
cfs(s) = (-l/u)N(s)du + d l s(s), and N o p = pip o N . 

Remark 3.3.2. Note that S (with the extra structures that are just defined) define 
a lifting frame as ipi(E(u)) £ 5 X , so MFs(^, V) and MFg(^) make sense (cf., 
Definition I3.2.2p . By Proposition 13.2.41 MFs(^, V) is in equivalence with the 
category of Dieudonne crystals over Spf(i?, (w)). 

In addition to MF s (p,S7) and MF s (i/j) (cf., Definition I3~2~2"j) . we make the 
following definitions: 

Definition 3.3.3. Let MF w s (p,V u ) be the category of (M, ipi, Fil 1 M) G M.F s (p) 
equipped with a topologically quasi-nilpotent integrable connection V^, : M — > 
Ai ®r Qr over dg which commutes with pm ■ 

Let MFf r (ip, V°) be the category of (X, ^i, Fil 1 X) G MF s (i/>) equipped with 
a connection V m on TWo := So ®s X which commutes with pm = ¥>So ® VM- 
We call an object in MFg 1 (ip, V°) a Breuil S -module. 

Remark 3.3.4. For .M G MF,sr(<£>), the giving of Vm '■ M -> ®e that makes 
X an object in MFg(^, V) is equivalent to the giving of VJ^ : .M — > .M ®i? Qr 
and a differential operator Nm '■ M- ^ M. over such that 

(1) (M,V^)eMF^,V") ; 

(2) A^(M) C uM; and -VJU ° (u^Nm) = (u~ l N M <8> la )oV; ; 

(3) We have iVx o = p • o iV/w . 



'I.e., we have Nj^(sm) = N(s)m + sNj^^m) for any s £ S and m £ A4. 
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Given Nm and \7 M as above, let Vm : Ai — > Ad (8>e be the connection de- 
fined by V M.( m ) = — u 1 Nm (m)du + V^i(m) for any m E Ai. One can check 
that (AI, Vm) S MF,g(<y9, V) if and only if Nm and V M satisfy the above condi- 
tions!^ Using this description, one can define a "forgetful functor" MFs(^, V) — > 
MF g(ip, V") by forgetting N M . 

Let I C S be the ideal topologically generated by u and for j > 0. Then we 
have S/Iq = So, and the natural projection S — » Sq commutes with tp's. Now one 
can define functors MF s (<p, V) -4 MF|%, V°) and MF£(v3, V") -> MF|%, V°) 
by "reducing the connection modulo Jo- (Note that these functors are compatible 
with the forgetful functor MFs(ip, V) —¥ MF*(^,V) that we constructed in the 
previous paragraph.) 

UM = S{S) e MF s (<p, V) for some Dieudonne crystal S over Spf (R, (w)), then 
we have So®sA4 = <£fj/( ro )(So) as objects in M.Fs {f, V). (To see the isomorphism 
is horizontal, interpret a connection as a HPD stratification in the sense of [BQ781 
Theorem 6.6], and work out the effect of base change. We leave the details to 
readers.) 

We can construct the functors from MF s ((p, V), MF^^, V"), and MF§ r ((p, V°) 
into MFs ((p, V) by Ai Ado := So ®sA4 and reducing the extra structures mod- 
ulo Iq. (Cf. Remark l3.2.6l ) These mod- Jo reduction functors are compatible with 
the functors among MF S (^,V), MFg(<p, V u ), and MFf 1 ^, V°) defined above. 

Finally, by working with Fil r 5* for r^p-lwe can study "higher weight" cases. 
Also by allowing V ' m to have a "logarithmic pole" at it = and Mm mod Io to be 
not necessarily zero, we can handle "log crystals". 

Lemma 3.3.5. The functors MF s (<p, V) -4- MF^(ip, V") and MF^(ip,V u ) — ?> 
MFs%, V°), defined in Remark \3.3.4\ are fully faithful. 

Proof. The full faithfulness of the functor MF^(^,V) -> MF f(tp, V°) follows 
from Lemma E3U To show the full faithfulness of MF S (^,V) -> MF^((/), V), 
we want to show that any morphism / : Ad — > Ad' of objects in MFs(p, V) 
commutes with the differential operators Nm and Nm 1 - 

Consider Sf := Nm 1 ° / — / ° Nm '■ Ml — > Ad'. By assumption we have Sf(Ad) C 
Iq-AA' where Io := ker(S — > So). But since Sf also commutes with Frobenius 
structures, for any m e Fil 1 Ai we have Sf((pi(m)) = c~ 1 ipi(E(u)Sf(m)) where 
c := £(E(u)). In particular, we have Sj(Ai) C ip(I a ) -Ai' as ^(Fil 1 Ai) generates 
Ai. By repeating this, we obtain S f (Ai) C f| n <p n (I )-M' = {0}. □ 

Lemma 3.3.6. Let Ai e MF£(v3, V u ), and sef Af := So ®s X G MF So (v3, V). 



s is horizontal and the map 1® s : S[-] (8s A^o — ► A([-] is an isomorphism 



Then there exists a unique ip -compatible section s : A^o[^] — A4[^]. Furthermore, 



Proof. Let us choose an arbitrary section so ■ Ado ~^ Ai, and we would like to show 
that the following "formula" gives a well-defined morphism s : Ado[ -] — > At[^]: 

a :=" lim (1 ® vft,) ° (^*" So ) o (1 ® <prf)» 

OC r- 

=S + £ (1 ® ^ +1 ) o (^" +1 So ) o (1 ® ^X 1 ) - (1 ® pfc) o (<p*» ao ) o (1 ® 
n=0 - 

Note that (1 ® ¥>.Mo)[p] : < y 5 *-^o[^] — > A^o[p"] is an isomorphism, and the preimage 
of A^o is contained in p _1 (( y 9*A / (o)- 



^Note that the connection V jk is integrable if and only if VJ^ is integrable and anti-commutes 
I'ith u~ 1 Nka. 



CLASSIFICATION OF p-DIVISIBLE GROUPS 



13 



Set s n+1 := (1 ® Vm 1 ) & m+1 so) ° (1 ® ^7') - ( X ® <Pm) ° (^*™ s o) ° (1 ® 
t^^ 1 ). Clearly si(A^o) ?j p~ x uM., because so is a section. By iterating this, one 
obtains that s n+ i(Ma) C p~"~ 1 w p "A< for any n ^ 0. Note that p - ™ -1 ^" = 
P~ n ~ l {<ln-)u p -Q"- e (u e y qn ' where q n := [^r\, so we have 

ord p (p-"~ 1 (q„!)) > -n- l+p n -Ve - 1 ™ oo 
This proves that s : .Mo [|] — > .M [-] is well-defined, and by construction s commutes 
with y>'s. The map 1 ® s : 5[|] ®s ■Mo ~> ^[p] i s a surjective map of projective 
5[ p -]-modules of same rank (by Nakayama lemma), so it is an isomorphism. 

Now, if there are two sections s and s', then (s — s')(A^o[^]) Q Io-M[^]. If both 
s and s' commute with </?'s then we obtain 

(s - s')(M [l/p]) C (s - s')((l ® ^„r(^^o[l/p])) 

C (1 ® - fl')(Alo[l/p]))) C ^"(/o)M[l/p]. 

Therefore, we have im (s - s') C f) n (^"(/o)^! 1 ] = {0}, which establishes the 
uniqueness of s. 

It is left to show that s is horizontal. Consider S s := (s <£> 1) o V^o — ^a-i ° s : 
■^o[p] — ► -M[-] ®fl. ^flo- By construction, <S S commutes with y;'s and its image 
is divisible by u. So by the same argument that shows the uniqueness of s, we 
conclude that S s = 0. □ 

3.4. Review of results by deJong, and de Jong-Messing. Let R and (Ro,Lp) be as 
in 93.31 and set Rk := R/(w). Choose (Ro,ip) and 5*0 as in Example 13 . 2 . 5l[ 2"jl . Let 

Mq : Go ~+ XJ(Go) := B>*(G)(5o) be a functor from the category of p-divisible 
groups over Spec Rk to MPs (ip, V). We recall the following results on the functors 
D* and M%: 

(1) If R satisfies the condition (dJ) in 92.21 fin particular, Rk is formally smooth 
over k and Jij/(cc7)-adically complete), then Mq is an anti-equivalence of 
categories. If Xfc is a scheme that has a Zariski covering by such Specie's, 
then D* over X is an anti-equivalence of categories. (Cf. |dJ951 Main The- 
orem 1].) 

(2) Assume that X& is either an excellent locally complete intersection scheme 
of characteristic p, or an normal integral scheme locally admitting a finite 
p-basis. Then ED* over X& is fully faithful. If X& is an excellent scheme which 
is either local or of finite type over some field k', then D* is fully faithful up 
to isogeny. (Cf. jBM90l Theoreme 4.1.1], |dJM99l Proposition 4.4], [dJ95l 
Corollary 5.1.2].) The same statement holds for A4q if Xk = Spec Rk- 

(If Rk is a quotient of some fc'pi, • ■ ■ , T a ][LYi, • • • ,Xb\], then Rk is ex- 
cellent by |Val751 Theorem 4].) 

Let us set up the notation for the the main theorem of this section below. Assume 
that X is a formal scheme over Spf &k which has a Zariski covering {Spf (R a , (za))} 
where R a satisfies the condition in 93.31 Consider the exact functor 

{p-divisible groups over i?} —> {Dieudonne crystals over X fDefinition l3.1.2|l } . 

If X = Spf(i?, (p)) where R satisfies the condition in 93.31 then consider the exact 
functor 

M* : {p-divisible groups over R) -> MFf r (^, V°) 

defined by M*{G) := D* (G)(5) for S as chosen in §331 Note that M*{G) is a 
priori an object in MPs(^3, V) by Proposition 13.2.41 but we view it as an object 
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in MFf{Lp 7 V°) via the fully faithful functor MF S (^,V) -> MFg r (^, V°) con- 
structed in Remark \'3. 3. 41 (Cf. Lemma 13.3.51 ) 

Let MFf r (^, V°) D be the full subcategory of M G MFf r (</3, V°) such that 
®s M is in the essential image of M* (defined in 9X1]) . Clearly, MF| r (<£, V°) D 
contains the essential image of M*. (Note that if R satisfies the condition (dJ) in 
32^1 then MF| r (^, V°) D = MF| r (</>, V°) by de Jong's theorem.) 

Theorem 3.5. We use the notation from §3. tA and let X and R be as above. 

If X is Zariski locally covered by Spf(i?, (vc)) where each R satisfies the condition 
(dJ) in §2. 6 A then D* and A4* (if it is defined) are anti- equivalences of categories. 

IfXk ■= £xs p f e K Spec A: is either a excellent locally complete intersection scheme 
or a normal scheme which locally admits a finite v-basiW\. thenl}* and M* (if it is 
defined) are fully faithful whenp > 2, and are fully faithful up to isogeny whenp = 2. 
If X — Spf(i?, (vj)), then the essential image of M* is precisely MF s '((/j, V°) D for 
any p. 

Assume that either X is an excellent local scheme or X Xs p f e K Spec/c is of finite 
type over some k' with finite p-basis^^ Then D* and A4* (if it is defined) are fully 
faithful up to isogeny. 

Proof. We prove the theorem except a certain full faithfulness assertion when p — 2, 
which we prove later in Corollarv l9.5.1l To prove the theorem it suffices to prove the 
statement for M* when X = Spf(i?, [w)) (by Proposition 13 . 2 . 4l and Lemma r3.3.5p . 
so we assume this from now on. 

Let us outline the idea. First, assume that p > 2. Then we define a functor G* on 
MFf r (v3, V°) D and show that it is a quasi-inverse of M* if M* (as defined in g33J 
is fully faithful (respectively, quasi-inverse up to isogeny if A4q is fully faithful 
up to isogeny). When p = 2 we can modify the construction to establish some 
partial result, and use a separate argument to settle the remaining assertion. The 
construction of the functor G* is motivated by the proof of Kis06, Proposition A. 6], 
while we start with the results of de Jong, Berthelot-Messing, and de Jong-Messing 
(which is recalled in tj3.4|) instead of classical Dicudonne theory. 

Suppose (M^il 1 M,tp!, Vm ) G MFf r (<y9, V°) d , and set M ■= Rq ®s M E 
MFs (y, V). By assumption, there exists a p-divisible group Go over R/(w) such 
that Mo — D*(Go)(i?o)- To construct G corresponding to M., we will lift Go over 
R in a functorial way using Grothendieck-Messing deformation theory |Mes72j . 

For any non- negative integer i, let Ii C S be the ideal topologically generated 
by u t+1 and for any ej > i. By applying the discussion of Remark 13.2.61 to 

/ : R -» i?/(tu ?+1 ), A' = &/(u l+1 ) and D' = S t := S/U, it follows that M/UM 
has a natural structure of MFs i (<p) . Recall that for any p-divisible group Gi over 
R/(tu i+1 ), we have ©*(G<)(S , i ) 6 MF s ,(<p) by Proposition EM 

Claim 3.5.1. For any ^ i < e, there exist a p-divisible group Gi over Rj (cc7 l+1 ) and 
an isomorphism B*(Gj)(<Si) = Si ®s M in MFg ( (^) which lifts the isomorphism 
D*(G,)(i?o) — Ro ®S -M. This construction M. ~~> Gi is functorial in Go and A4. 

The case when i = is obvious. Now assuming the claim for i — 1 for some 
< i < e, and we will prove the claim for i. Consider ©j := &/(u 1+1 ) R/(vj 1 ), 
and let Di be the p-adically completed divided power envelope of A with respect 
to the kernel. Then we have Di S S, with Fil 1 D l = I l _ 1 + Fil 1 Si. The natural 



More generally, whenever the contravariant Dieudonne crystal functor D* is fully faithful on 
the category of p-divisible groups over Xk (cf., $3.4121 ) 

^More generally, we may generalise the assumption so that the contravariant Dicudonne 
crystal functor IB* is fully faithful up to isogeny on the category of p-divisible groups over 3Cj. 
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projection & -» &/(u l+1 ) = induces a map S -» L>i respecting all the extra 
structure, so we obtain the scalar extension functor MFs((/>) — > MFg (cp). Note 

that Fil 1 (Di<g>s M) is generated by Ii^iM/Ii M and the imag eofFil 1 ^. Similarly, 
we obtain the scalar extension functor MFg (ip) — > lsAFs i _ 1 (p)- 

Bv Proposition l3T2"^l wc have B*(G,-_i )(A) G MFg (ip). Applying Lemma EXU 

to D = Di and J := Ii-iDi, we deduce that there is a unique (^-compatible isomor- 
phism B*(G i - 1 )(D i ) = Di ® s M which lifts the isomorphism D*(G j _i)(S i _i) = 
<Si-i ®s M. given by the induction hypothesis. 

Consider the divided power thickening R/(zu' l+1 ) -» R/(w l ) with the "trivial" 
divided power structure (i.e., (w 1 )^ = for any j > 1). This is compatible with 
the canonical divided power structures on pZ p . Choose a lift G; of Gi_i which 
corresponds to the filtration defined by the image of Fil 1 M in ®s M 

via 

Grothcndieck-Messing deformation theory. Then by construction we have natural 
(^-compatible isomorphisms W(Gi)(Si) = W(Gi-\)(Di) = Si ®s M., which takes 
Fil 1 D*(G i )(S' l ) to the image of Fil 1 M. in Si <8>s A4. Note also that the formation 
of Gi is functorial in Gi-i and the filtration. (See [Mes72i Ch.V, Theorem 1.6] for 
the precise statement.) This proves Claim [X5.ll 

Consider & R/(p) = R/(zu e ) and let D e be the p-adically completed di- 
vided power envelope of & with respect to the kernel. Then we have D e = S 
with Fil 1 D e = 7 e _i + Fil 1 S. As in the proof of Claim 13.5.11 we have scalar 
extension functors M.F s {<p) -» MFg (tp) which sends (M.Fil 1 M) to D e <g> s 

M = [M,I e -iM + Fil 1 ^). Applying Lemma IXOl to D = D e and J = I e _i 
and proceeding similarly to the proof of Claim 13. 5. 11 we deduce that there is a 
unique (^-compatible isomorphism W(G e -\)(D e ) = M. which lifts the isomorphism 
D*(G e _i)(S e _i) = Sft.e-! ® s M in MF St _j (tp). 

Now assume that p > 2, in which case pi? is a topologically nilpotcnt di- 
vided power ideal. Let Gm be the lift of G e _i which corresponds to the filtra- 
tion Fil 1 M/(¥i\ l S)M C MKYil 1 S)M. (Note that G M functorially depends on 
M and Go-) As in the proof of Claim [3.5.11 we obtain a natural isomorphism 
M*(Gm) — M in MF| r ((/3, V°), which proves essential subjectivity of M* for 
p > 2. 

If A4q, defined in ^3.41 is fully faithful (for example, if R satisfies the condition 
(dJ) in then we define a functor G* from MFf r (<^, V°) D to the category of 

p-divisible groups over R by choosing a quasi-inverse So ®s M ~-> Go of A4q and 
setting G*(A^) := Gm to be the lift of Go produced by the procedure described 
above. Then by construction we have a natural isomorphism (M* o G*)(M) = A4 
for any M € MFf(p, V°) D . We also get a natural isomorphism (G* oM*)(G) = G 
for any p-divisible group G over R from the uniqueness of each deformation step. 
Similarly, if A4q is fully faithful up to isogeny, then G* is defined on the isogeny 
category of MFy^, V°) D and gives a quasi-inverse of M* on the corresponding 
isogeny categories. This settles the theorem when p > 2. 

Assume that p = 2, in which case the divided power structure on p 2 R is topolog- 
ically nilpotent. Viewing R/{p 2 ) -» R/{p) as a divided power thickening by setting 
plj] = o for any j > 1, we can lift G e _i to G2 e -i over R/(p 2 ) so that the Hodge 
filtration for Gi e -\ is given by the image of Fil 1 M in R/(p 2 ) <g>s -M- (As men- 
tioned in [Mes72l Ch.V, Remark 3.1], the main result of [Mes72j does not require 
the nilpotent divided power thickening to be compatible with the natural divided 
power structure on pZ p .) Now repeating the argument for p > 2 for R -» R/(p 2 ), 
we obtain Gm over R, which functorially depends on Go and A4. 
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The same argument for p > 2 gives us a natural isomorphism M*(Gm) — M. in 
MF| r (^,V°), which proves the essential subjectivity claim for p = 2. While we still 
have (Gx«(C7))fl/( P ) — Gr/(p) f° r any p-divisible group G over R, it does not follow 
that (Gm*(G))r/(p 2 ) is isomorphic to G^/up) since we worked with a divided power 
structure that is not compatible with the natural one on pZ p . On the other hand, 
one can lift the multiplication by p 2 on Gr/( p ) to (Gj^'fGfOii/Cp 3 ) Gr/^) since 
p 2 = on the base (c/., |Kat81[ Lemma 1.1.3]). These isogenics lifts to isogenics 
Gm*(G) ^ G by functoriality of Grothendieck-Messing deformation theory. 

In the similar way to the p > 2 case, we define a functor G* : M ~-> on 
the isogeny category of MFg r (iy9, V°) D when Mq is fully faithful up to isogeny. 
Repeating the argument for p > 2, it follows that .M* and G* are quasi-inverse 
functors between the isogeny categories. 

It remains to show that M* is fully faithful when p = 2 and R satisfies the 
condition (dJ) in jj2.21 The proof uses Propositions 17.31 and 19.11 so we postpone the 
proof to Corollary 19.5. 11 □ 

Lemma 3.5.2. Let D be a lifting frame (ci., Definition \S.2.1\) . and J C Fil 1 D is 

a divided power sub-ideal such that such that tp n (J) C p n+Jn J for some {j n } with 
] n — y oo as n — y oo. (In particular, D/J is automatically Z p -flat so D/J has a 
natural lifting frame structure induced from D, and the reduction modulo J induces 
a functor MF~(tp) -> MF~.j((p).) 

Then for Mi, Mi G MFg(^), any isomorphism 9 : Mi/ J Mi —> M2/JM2 in 
MFg,y(</j) uniquely lifts to a (p-compatible D-linear isomorphism 9 : Mi — > M.2- 

Proof. The proof is identical to the proof of |Kis06[ Lemma A. 4]. Let us first shows 
the uniqueness. Let 9 and 9' be two lifts as in the statement. Then since 9 — 9' 
commutes with tp's, we have (0 - 6'){Mi) C f|„ >0 <P n {J){M 2 ) = {0}. 

Let us show the existence. Note first that 1 ® <Pm, is injective; indeed, D is 
p-torsion free by assumption, and (1 <E> ¥>jvii)[p] i s an isomorphism because it is 
a surjective map of finite projective Z?[i]-modulcs of the same rank. Therefore 

(1 <g> <PMi)/p '■ Fil 1 (tp* Mi) -> Mi is an isomorphism, where Fil 1 (<p*Mi) C Lp*Mi 
is the image of ip* (Fil 1 Mi). (Note that tp is not necessarily flat.) 

Pick an arbitrary lift 9q : Mi — > M2 of 9. As 9 in the statement is not re- 
quired to respect Fil 's, we may replace Fil 1 Mi by J Mi + Fil 1 Mi to assume that 
^(Fil 1 Mi) C Fil 1 M 2 - Let us recursively define lifts 9 n of 9, such that 9q is the 
chosen lift (when n = 0), and for any n G Z^o we have the following diagram: 

(3.5.3) Fil 1 ((p* Mi) Fil 1 ((p*M 2 ) 

(l<Sitp)/p s s (l®<p)/p 

Mi > M 2 

Now we show by induction that {9 n +i — 9 n )(Mi) C (ip/p) n (J)M2 as follows. 
For any x G Mi, we can find y G Fil 1 ((p* Mi) such that (1 ® ^>Mi){v) = x. When 
n = 0, we have by construction: 



- 6 )(x) = [(1 ® vm 2 /p) (<p*0o) - Oo o (1 ® (pmJp)] (y) e JM 2 . 



Now assume that (9 n - 6 n -i)(Mi) G (<p/p) n 1 (J)M2 for some n > 0. Then we 
have 



7n+l 



t )(z) = [(1 ® yWp) ° V*(fln - fln-l)] (tf) € (<p/p) n (J)M, 
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By the assumption on J, the series 6 :="lim, woo 6*„"= 6q + X)^=o(^ n + 1 — 
converges, and clearly 9 satisfies all the requirements in the statement. □ 

3.6. Base Change. Let / : R — > R' be a continuous ^x-morphism of two Gk~ 
algcbras satisfying the condition in jj3.3l We choose (6, tp) and (6', <£>) for R and i?' 
as in fc}3.3l respectively As we have observed in Remark 13.2.61 the "base change" of 
the functor Ai* under / can be defined for the following morphism of ^j^-algebras: 
there exists a (^-compatible morphism & — >• & which reduces to /. 

We have already observed (in Remark 13. 2. 6[) . the assumption is satisfied in the 
following case: 

(Exl) Assume that R is J-adic and p <E J. Let R' be a J-adic formally etale 
algebra such that R/J — >• R'/JR' is finitely generated (i.e., the morphism 
Spf(i?', JR') -> Spf(i2, J) is etale). Set J := ker(R -» R/J) and assume 
that Rq is J-adically complete (by replacing Rq with the J-adic completion 
if necessary). Then by Lemma 12.61 one can find a unique pair (R' ,(p) so 
that i? -> R' lifts to 6 ->• 6' := R' [[u}} respecting tp. 

We list some other cases where this assumption is satisfied: 

(Ex2) G K = R and R' is any ^-algebra as in $P1 

(Ex3) if R' is a quotient of R[[xi]](yj), then we may take R' = Ro[[xi]](yi); 

(Ex4) Let W' be a complete discrete valuation VT-algebra with uniformiser p and 
residue field k' with finite p-basis. By Lcmma [2.3l there is a lift of Frobcnius 
tp' : W — > W which extends tp : W — >• W. Then for any ^-algebra R as 
in set R' := R® w W, R' := R ® W W, and ip Wo = ip Ro ® (p 1 . 

For the following examples, we additionally assume that R = Rq ®w 6k (c/., 
Lemma f23]l: 

(Ex5) Let p C fl be a prime ideal containing cc, and set po := kcr(i?o -y R/p). 
(For example, if p = (w) then po = (p)-) If R' is the zn-adic completion of 
the localisation R p then we may take R' to be the w-adic completion of 
(Ro)p . Note that R' and i?' are actually p-adic without noetherian-ness 
assumption on R (cf., Corollaire 2 in |Bou06[ Ch. Ill, §2, no. 12, page 228]), 
and ifR a extends to R' because tp~ 1 (p ) = po0 

The same construction works if p and po are finitely generated prime 
ideals, and R' is the p-adic completion of R p and R' is the po-adic comple- 
tion of (-Ro)po- 

(Ex6) Let R' be the p-adic completion of lim (i?o)( p ), and R 1 := 0k ®w Rq- 

In the two three cases, we take 6' := R' [[u]] and construct 5" accordingly. Note that 
in (Ex6) case we have a (^-compatible isomorphism R' = W(k') by the universal 
property of Witt vectors over perfect rings, where k' := lim Fia,c(R/(zu)) is the 

perfect closure of Frac(i?/(ti7)). 

4. Moduli of connections 

In this section we study the role of connections using Vasiu's construction of 
"moduli of connections" |Vasl21 §3], which will be useful in 44101 The main results 
in this section are Corollaries 14.3.21 and 14.4.11 

Throughout this section, we assume that R satisfies the condition (dJ) in tj2.2l 
and choose (Rq, tp) as usual. To simplify the notation, set Rk := R/{w){= Ro/(p)) 
and Jq(= Jro) := ker(i? -» #red)- Note that i?o is Jo-adic. 



Note that tp induces the identity map on the underlying topological space of Speci?/(ro). 
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4.1. Preliminaries. Let / C R be a closed ideal such that (vj) C I C J fi , and 
set Iq '= ker(i?o -» R/I)- (In practice, / is either (tn) or Jr.) Let A be a /- 
adic formally etale i?-algebra such that A/IA is finitely generated over R/I (i.e., 
Spec A//" A -»• Speci?// ra is etale for any n). Then applying 93.61 fExlL there exists 
a unique io-adic formally etale lift Rq — > Aq of R/I —> A/IA, and Aq can naturally 
be viewed as a i? -subalgcbra of A. We set &a ■= Aq[[u}], and define Sa, etc., 
correspondingly. More generally, if A is "ind-etalc" (i.e., A is a /-adic completion 
of lim. AW for some /-adic formally etale i?-algebras A^) then we define Aq by 

io-adically completing kmA^, where Aq' is the i?o-lift of A^ / 1 A^\ and define 
6a, Sa, etc., accordingly. Note that Aq is flat over VF and A/(w) locally admits a 
finite p-basis, so it satisfies the requirement for Rq as in 



4.2. Review of the construction of moduli of connections. For any M 6 MF s(v) 
(respectively, .Mo G MF flo (iy9)), we have SU <K>S A4 G MF S4 (<^) (respectively, 

A) Oiio M e mPao(v))- 

Let us recall (and slightly extend) Vasiu's construction of moduli of connections 
}Vasl2[ Theorem 3.2]. Let Mq, M'q G M.¥ Ro {(p) and a morphism / : Mq -4 Af be 
given. Fix an i? -direct factor (Ato) 1 C Af which lifts Fil 1 Mq/pMq C A4 /pA4o, 
and similarly choose (AIq) 1 CMJ, Set 



Mr 



Note that 1 <8> <Pm induces an i?o _ linear isomorphism Mq — > Mq, an d one can 
recover Mq G MF Ra (ip) from (Mo, (A^o) 1 , Mq —t Mq). We similarly define 

1<3>PM 

M'q so that / induces Mo -> A4q- 

By passing to a Zariski covering of Spf(i?o, Jo)j w e may assume that (A^o) 1 , 
Mo/iMo) 1 , {M'q) 1 , M'q/(M'q) 1 , and fl Ro arc all free over Rq. Let us fix a i? - 
basis of il Ro and an i?o-basis of Mq adapted to the direct factor (Mo) 1 , and same 
for M' Q . 

Consider a functor Q n which associates to any etale map Spf (Aq, (p)) — ^ Spf (Ro, (p)) 
the set of (naturally defined) equivalence classes of additive morphisms 

V Ao ,„ : Ao/( P ") ® Ro Mq A /(p n ) (g> Ra M'q ® Rq n Rn 

which satisfies the Leibnitz rule (i.e., V A ,n(o-x) = aV A .n(x) + % ® da for any 
a G Ao/(p n ) and x G A4o|3 and makes the following diagram commute: 

(4.2.1) A /(p n ) ® R „ Mq - iVA °' n) ) A /(p n ) ® Rq M'q ® Ro h Ro . 



(l®<p M i )(g)id- 



Ao/(p n ) ® Ra Mq — > A /(p n ) ® Ro M'q ® Ro n Ro 

VA ,n 

Here we define tJ*(VA 0i „) by choosing an arbitrary lift of V A ,n over A /(p n+1 ), 
and one can check without difficulty that p*(VA , n ) does not depend on the choice 
of lift. (Cf. equation (9) in |Vasl21 §3.1.1].) 

If Mq = M'q then a connection VA , n on A /(p n ) ® Ro Mq commutes with <pa <8> 
<PMo if an d only it satisfies (|4.2.1|) modulo any p n . More generally, if Mo, M'q G 
MF Ro (<p, V) and / : Mo — > M'q respects (p and takes (.Mo) 1 into (M'q) 1 , then 
both Va/^ o / and (/ (g) id) o Vm satisfy (|4.2.1|1 modulo any p n . 

We claim that the functor Q n is represcntable by a p-adic formally etale Rq- 
algebra (again denoted by Q„). Fixing i?o _ bases as above, the condition for V^,,,! 
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to satisfy (|4.2.1[) for any Aq we consider is given by a system of equations of the 
form x = Bip(x) + Co for some matrices B, Co with entries in Rk = Ro/(p) where 
the variables x are the "matrix entries" of V^i with respect to the fixed bases (Cf. 
the proof of |Vasl2l Theorem 3.2].) The solutions of such a system of equations 
form an faithfully flat etale algebra Q\ : k over Rk by |Vasl2[ Theorem 2.4.1], and 
we take Q\ to be the unique p-adic formally etale i?o-algebra lifting Q\^- 

Now, assume that Q„ is defined, and let Vg n! „ denote the universal object. 
Pick an arbitrary lift V Qni „+i : Q n /(p n+1 ) ®r M Q -> Q n /(p n+1 ) ®fl M ® Ro Q. Ro 
of Vg nj „. For any etale map j : Spf(A , (p)) — > Spf(Q„, (p)), the condition for 
some Va ,u+i to satisfy (|4.2.1|) is given an system of equations of the form x = 
Bip(x)+C n over Q n /(p), where the variables are the matrix entries of 5A a .n+\ where 
Va ,«+i =3® V Qnj „+i + ^ ,n+il3 {Cf. the proof of |Vasl21 Theorem 3.2].) Wc 
take Qn+i to be the unique p-adic formally etale Q n -algcbra lifting the faithfully 
flat etale Qn^.-algcbra Q n +i.k defined by these equations. The system of etale 
algebras {Q n ,k} is an example of Artin-Schreier tower defined in |Vasl2[ §2.4]. 

Definition 4.2.2. The system {Q n } constructed above is called the moduli of con- 
nections for A4q and A4' . 

The following lemma states that any "connected component" of Spec Q oa /(p) 
enjoys nice properties, where := lirQ Q n . 

Lemma 4.2.3. Let {Q n } be the p-adic Ro-formally etale lift of some "Artin-Schreier 
tower" over Rk '■= Ro/(p) in the sense of |Vasl21 §2.4]; for example, {Qn} can 
be a "moduli of connections". Let Qoo denote the p-adic completion of Qoo := 
lim Q n , and choose a direct summand Aq of such that SpecAo has finitely 
many connected comvonentsW\ Set Ak '■= Aq/(p). Then the following properties 
hold: 

(1) Let p C Aq be a prime ideal containing p, and set p := p/(p) C Ak- Then 
the localisation (Ak)p is regular and excellently and Ak locally admit a 
finite p-basis. 

(2) The image of any open subset of Spec Ak in Spec Rk is open. 

Proof. Note that Ro/(p) is regular and excellent by the theory of excellence; cf., 
[yaT75l Theorem 4], [dl95l Lemma 1.3.3], and |Mat801 §33.1, Theorem 79]. Set 
q := p n Rk- Since Spec(^4fc)p- is an inductive limit of etale neighbourhoods of 
q £ Spec(i?fc)q-, we obtain a (faithfully) flat local morphism (Ak)p — > (Rk)^ 1 , where 
(i? fe )l h is a strict henselisation at q. Now it follows that (^4fc)p- satisfies ascending 
chain condition. (Recall that the strict henselisation of a noetherian local ring is 
noetherian |EGA[ IV 4 , Proposition 18.8. 8(iv)].) 

Since the strict henselisation of (^4fe)p- is naturally isomorphic to (Rk)^ 1 , Ak is 
regular by [EGA! IV 4 , Corollaire 18.8.13]. Excellence of A k follows from |Gre76l 
Corollary 5.6(iv)] since Rk is excellent and normal. 

Recall that Rk locally admits a finite p-basis by |dJ951 Lemmas 1.1.3, 1.3.3]. So 
Ak locally admits a finite p-basis since it is a direct limit of etale i?fc-algebras. This 
proves H|). 

^Such a system of equations is called an Artin-Schreier system of equation in IVasl2l §2.4]. 

■^Although the matrix entries of S^ lie in p"^o/(p"^ 1 )i we view them as elements in 
A /(p) via p n : A /(p) A p"A /(p™+ 1 ). 

21 Equivalently, we choose a uniformly bounded number of connected components in Spec Q n 
compatibly with the tower, and set Aq be the p-adic completion of the limit of the resulting direct 
system of rings. 

22 Note that this does not necessarily imply that A^ is noetherian. The author docs not know 
whether or when to expect that A^ is noetherian. 
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The assertion @ is a consequence of |Vasl21 Theorem 2.4.1(c)], which asserts 
that there exists a "stratification" of Spec Rk such that over each stratum Spec Q n ,k 
is finite etale cover. Therefore, the map Spec Ak — > Specif is open and closed over 
each stratum (unless the fibre at the stratum is empty) by |Mat86l Theorem 9.6], 
from which follows. □ 

Let us specialise to the moduli of connections {Q n } for Mo = M' Q . Under the 
notation as in Lemma 14.2.31 let Qoo denote the p-adic completion of Qoo := lim Q n , 

and choose a quotient Aq of which is p-adic and formally etale over Rq such 
that Ak := Ao/{p) is constructed as in Lemma T4.2. 31 

Proposition 4.2.4. In the above setting, Ao <g>R Mo together with the universal 
connection is an object in MFa (<P, V). 

Proof. The universal connection is integrable and topologically quasi-nilpotent, 
which is shown in the last three paragraphs in the proof of [Vasl21 Theorem 3.2] . □ 

4.3. Special cases. There are some special cases where the moduli of connection 
{Qoo} turns out to be very close to i?o- We begin with some definitions: 

Definition 4.3.1. Let D be a lifting frame fDefinition l3.2.ip . and let M be an object 
of either MFg(yj) or MFg(<^, V). Then M is called ip-nilpotent if y n M {M) C pM 
for some n > 0. Similarly, M is called ^ -nilpotent if ip^(M) C p((p n *M) for n > 
where ip M = p(l <g> ip M )~ l ■ M -» <p*M. Let Mr^)f nil P and MFg(^)^ nil P 
respectively denote the full subcategories of <y9-nilpotent and i/'-mlpc-tent objects. 
We similarly define MFg(^, V)^ nilp and MFg(</?, V)^' nilp . 

Note that for a p-divisible group Gk over Rk, Mo := W(Gk){Ro) is y-nilpotent 
(respectively, f/^mlpotent) if and only if Gk is a formal p-divisible group in the 
sense of Definition 80 in |Zin02[ §3.1] (respectively, the dual of a formal p-divisible 
group); recall that <p and tp ° n Mo respectively comes from the relative Frobenius 
morphism and Verschiebung on Gk- 

Let {Q n } be the moduli of connections for Mo,M' Q £ 'M.Fn (ip), and consider 
one of the following cases. 

Formal/Unipotent case: Both Mo and M' are either yj-nilpotent or ^-nilpotent. 

Local case: Assume that k is perfect, i?o = W(k)[P\i • ■ ■ , Tj]], and ip satisfies 
dip(Ti)/p 6 m_R o r2_R where m_R is the maximal ideal (e.g., ty(Ti) = Tf). 
We allow Mo and M' Q to be arbitrary. 
The proof of |Vasl21 Theorem 3.3.1] shows that in the above cases there exists a 
unique geometric point of Spec Q„/(p) over any geometric closed point of Specif. 
Set Jo := ker(i?o -» -Rred) as before. From this, one can check that there ex- 
ists a unique connected component Spf(j4 Q n \ (p)) C Spf(Q„, (p)) for each n which 
intersects with the fibre over some closed point in Spec Rk , and furthermore we 
have Rq A^ for all n. (Indeed, all closed points lie in Speci? rec i, so if we set 
Jo := ker(i?o -Rred) then Rq/Jq — s- Q n JoQn is an isomorphism for all n because 
it is etale and radicial covering. Now exploit the Jo-adic completeness of Rq.) In 
particular, it follows that for any Mo,M' € MF^ (( / 3) in one of the above cases, 
one can uniquely define a connection on each of Mo and M' so that they become an 
object of MFjj (cp, V) by Proposition ^. 2. 41 and any t^-cquivariant map Mo —> M' 
is horizontal. Combining this with Theorem 13. 51 we obtain: 

Corollary 4.3.2. In the Local case above, the contravariant functor 

M* : {p-divisible groups over i?} — > MFsif), 

given by G J}*(G)(S) (without connection), is an anti- equivalence of categories. 
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In general, M.* is an anti- equivalence of categories between the category of formal 
p-divisible groups over R and MFs((p) v nllp , and between the category of unipotent 
p-divisible group^^ over R and MFs((^)^ nllp 

Remark 4.3.3. The local case of Corollary 14.3.21 is a special case of more results 
obtained by display theory; cf, [LaulOcj . 

Let us now state the main result of this section: 

Theorem 4.4. Let Aq be a finite product of p-adic W -flat domains which satisfies 
the conclusions of Lemma \4-2-$E 2i); namely, '■— Aq/{p) locally admits a finite 
p-basis, and for any prime ideal p C Aq containing p, (Ao)p/(p) is regular and 
excellent. We also fix a lift of Frobenius ip = tpA '■ Aq — > Aq over tpw, which exists 
by Lemma \2.tA 

Then, the contravariant functor 

A4q : {p-divisible groups over Ak := Ao/(p)} — > MF^ (ij3,V), 

given by GA k ^ ) *(G'yi ( .)(^4o) is an anti- equivalence of categories. 

Let {Q n } denote a moduli of connections for Aio = Ai' G TsAFji (ip, V), and let 
Qoo denote the p-adic completion of := Urn Q n , as usual. By Lemma T4.2.3P I . 

Theorem 14. 41 can be applied to any direct factor Aq of Qoo which is a finite product 
of domains. 

Let us first record a consequence. Let Aq be as in Theorem 14.41 and set A := 
Aq ®w which is a zu-adic formally etale i?-algebra. Set &a '■= Aq[[u]] and 
construct Sa, etc., accordingly. 

Corollary AAA. In the above setting, the contravariant functor 

Ai* : {p-divisible groups over A} — > MF^^, V°), 

given by G ID* (G)(S 'a) is an exact anti- equivalence of categories. 

Proof. The full assertion for p > 2 and the essential surjectivity claim for p = 2 
follows from Theorems 13.51 and 14.41 When p = 2, full faithfulness of M* follows 
from Corollary 19. 5. 11 which can be applied thanks to Lemma r4.2.3lf Tjl. □ 

We first begin with the following standard commutative algebra lemma, which 
will be used in the proof of Theorem 14.41 

Lemma 4.4.2. Let B be a (not necessarily noetherian) ring, and I C B a finitely 
generated ideal. Let B := Urn B / I n denote the I-adic completion, equipped with 
the inverse limit topology. Then the topological closure of I n in B is I n B , and the 
natural topology of B coincides with the IB-adic topology. Furthermore, if B / 1 is 
noetherian, then so is B. 

We will apply this lemma when / = (j>). 

Proof. The first assertion (on the completion of J™ and the topology of B) is exactly 
Corollaire 2 in |Bou061 Ch. Ill, §2, no. 12, page 228]. Since / is finitely generated, 
the associated graded ring © n>0 ^™/^™ +1 f° r B is finitely generated over B/I, so 
it is noetherian if B/I is noetherian. Now the noetherian-ness claim follows from 
Corollaire 1 in |Bou061 Ch. Ill, §2, no. 9, page 217]. □ 



'A p-divisible group over R is called unipotent if its dual is formal. 
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Proof of Theorem\J^ Full faithfulness of M* follows from [BM901 Theoreme 4.1.1] 
and Proposition 13.2.41 We prove essential surjectivity by generalising the proof of 
|Vasl21 Theorem 3.4.1]: the main idea is fpqc descent from the completion at each 
point of Spec Ak 

Let us set up the notation. Let p C Aq be a prime ideal containing p, and 
set p := p/(p) and k(p) := Frac(Ao/p) = Frac(A fe /p). Let B . p be the p-adic 
completion of (^o)p- Note that Bo.p = (Ak)-p, which is noetherian by assumption. 
Applying Lemma [4.4.21 if follows that Bq^ is p-adic and noetherian. 

Let (^4o)p be the p-adic completion of (-Ao)p. One can easily check that {Ao) p 

is faithfully flat over -Bo,p> and {Ao)„/(j?) is naturally isomorphic to the p-adic 

completion of {Ak)p- Since {Ak)p is regular, {Aq) /{p) is isomorphic to a formal 

power series ring over k{p) with finitely many variables, and {Aq) p is isomorphic to 
a formal power series ring over some Cohen ring of k{p) with finitely many variables. 
Note that (^4fc)p- has a finite p-basis because the relative Frobenius morphism 

(Ak)p —> Ak ®ip,A k (Ak)p is an isomorphism^ Hence, {A ) p /{p), being the p-adic 
completion of {Ak)p, has a finite p-basis by |dJ951 Lemma 1.1.3]. 

As observed in jj3.6l ('Ex5). ifA a uniquely extends to lifts of Frobenius on B . p and 

{A ) p . Therefore, for any Mo G MFaJ^, V), the scalar extensions (Aq) ®a Mo 
and B 0:P ®a Mo can respectively be viewed as objects in MF-— ~ (ip, V) and 

MF Bo >,V). 

Now, by |dJ951 Main Theorem 1], there exists a p-divisible group Gp- over 
{Aq) /(p) equipped with an isomorphism W {G p ){{A ) p ) = {A ) p (8u Mo as ob- 
jects in MF-— - Up, V). We will proceed by descending G„ to a p-divisiblc group 

{ A 0) f H 

over {Aj~)p, and then to a p-divisible group over Ak. To produce descent data for 
p-divisible groups, we will first produce descent data for "Dieudonne crystals", and 
show full faithfulness of crystalline Dieudonne functors over relevant base schemes. 

Viewing £? ,p ®A Mo and {Aq) (8u Mo, respectively, as vector bundles on 
Spf(£?o,p, (p)) and Spf {{A ) p , (p)), the "vector bundle" {A ) p ®A Mo carries a 

descent datum for the fpqc covering Spf((Ao) p , (p)) — > Spf(.Bo,p! (p)), as it is a pull 
back of the "vector bundle" Bq^ ®A Mo- To make it more precise, we obtain 

a projective system of descent data on {{A ) p /{p n ) <8U Mo} n for faithfully flat 

maps {B , p /{p n ) —> {Ao) p /{p n )} n - It is now clear that the standard results on full 
faithfulness and effectivity of descent can be extended to our setting. In particular, 
we can consider "descent data with Frobenius structure and connections", and 
the natural Frobenius structure and connection on Bq p ®A Mo can be uniquely 
recovered from the descent datum on (j4o) p ®a Mo- 

For the rest of the proof, we let (8 denote the p-adic completion of the <8-product. 
We respectively define ii,i 2 : {A ) p -> {Ao) p ®B , P {Ao) p by i\ : a H> a®l and 
%2 : a M> 1(8> a for any a £ {Ao) p . Then the descent datum on {Aq) p ®A Mo can be 
interpreted as an {Ao) p ®B p (^4o) p -l m ear isomorphism 

(4.4.3) (( j 4o)p®s ,| J {Ao)pJ ®ii,A Mo > ([Ao)p®B , f (A)) p ) ®i 2 ,Aq Mo 

2 ^The strategy of descending from completion using the theory of excellent rings appeared in 
the proof of [Zin02l Theorem 103] as well. 

"^Indeed, (A^)p- = lim ^_ [ j], and the relative Frobenius morphism is clearly an isomor- 
phism for the Afc-algebra Ajji]. 
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which satisfies the "standard" cocycle condition that involves scalar extensions by 

different choices of maps (A ) p ®B 0:f (A)) p -» (^o) p §b , p (A)) p ®b ,„ (A)) p ; actually, 
the cocycle condition coincides with the usual cocycle condition for the descent 
datum for modules, except that g) is replaced by 0. Since the Frobenius structure 
and connection on (Ag) p (E>a -Mo are induced from Bq, p <g> Ao Mo, the isomorphism 
(14.4.31) is an isomorphism in MF- — - ^ - — - (tp, V). Note also that the descent 

datum (|4.4.3p can be interpreted as an isomorphism 

D«(i^)4D«(j^) 

of Dieudonne crystals over Spec((^4fe)p (Ak) p ), which satisfies some natural 

cocycle condition (c/., Proposition 13. 2. 4|) . 

In order to show that this descent datum induces a descent datum on G p for the 
fpqc covering Spec (A k )- — > Spec(.Afc)p, we need the following claim: 

Claim 4.4.4. The rings {A k ) v ® {Ak) _ (A k )- and (A k ) v <g> {Ak) _ (A k )-<S> {Ak) _ (A k ) f are 
normal and admit a finite p-basis. 

The p-basis assertion is clear. To show normality, let us write (A k )- = lim. £?W 

where £?W's are finitely generated normal ( A k )p-subalgebras in (Ak)-^; indeed, this 
is possible as the normalisation of any finitely generated (A k )-u— algebra is finite by 
excellence of (A k )p. 

Recall that the natural map (A k )p — > (Ak)^- is flat with geometrically regular 

fibres by excellence of {A k )-p. In particular, — > (A k )p- ®(A k )- is flat with 
geometrically regular fibres. Since the source of the map is normal, it follows from 
(Corollary of) |Mat861 Theorem 23.9] that (A k )- ® {Ak )- B {i) is normal. Normality 

of ®(A fc ) F (A k )p = Urn. (^(A k ) p ®(A k )- is now clear. We similarly show 

that (A k )j<g>( Ak y_ (A fc )-(g)( Afc) _ (A k )- is normal. This proves Claim [4AH 

It now follows from Claim that the functors )((A)) p §B P (A)) p ) and 
D*(-)((A ) p (g) Bo p (A ) p ®B p (A ) p ) on p-divisible groups (over suitable bases) are 
fully faithful. (Cf., [BM9Q1 Theoreme 4.1.1], Proposition Therefore, the 
descent datum on (A ) p ® Ao Mo induces a descent datum on G p . By descending 

the finite flat group scheme G p [p™] for each n, we obtain a p-divisible group G p 
over (A k )p such that D*(G p )(S 0:P ) = B , p <8u -Wo- 

Now, a similar (but much easieiF^) consideration produces a descent datum on 
{GplpeSpccA,, with respect to the fpqc covering {Spcc(Afc) p -} of Spec^U. The result- 
ing p-divisible group G Ak comes equipped with a natural isomorphism W {G Ak ) (^4o) - 
Mo, as desired. This concludes the proof of Theorem 14.41 □ 

5. Review: relative jj-adic Hodge theory 

In this section, wc recall (and slightly generalise) the construction and basic 
properties of relative p-adic period rings. We refer to BrilQ] for a brief, but more 
complete, overview of relative p-adic Hodge theory. 



■^Recall that ((^4o)p®s P (^o)p)/(p) = (^4fc)jr®(A fc )— (A k )p, ancl similarly for the triple tensor 
product. 

2 ^Note that Claim 14.4.41 becomes rather straightforward for (A k )p ®A k (A k )-i and (A k )-^® Ak 
(A k h> ®A k {A k \„, where p,p',p" S Spec A k . 
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5.1. Period rings. Let R be an (^-algebra satisfying the condition in 93.31 and 
we additionally assume that R is a normal domain. Choose a separable closure E 
of Frac(i?), and define R to be the union of normal i?-subalgebras R' C E such 
that R'[^] is finite etalc over R[^]. Note that Speci?[i] is a pro-universal covering 

of Speci?[i] and R is an integral closure of R in R[-]. Set R := Km^ R/(p n ) 
and g R := Gal{R[±]/R[±]) = 7rf (Spec R[±], Spec £J)0 When i? = we have 

i? = %, ^ = ^c K , and 0* ; = Gal(X/A'). 

Let i? := Km R/(p), which is a perfect ring equipped with a natural Qr- 

x^xp 

action^ As in the classical case (i.e., R = 6k with perfect residue field), there 
is a natural multiplicative bijection R° — > Km R, defined by the component-wise 

reduction modulo p. To see that it is an isomorphism, we construct its inverse as 
follows. For any (%n)nez>o 6 R > define 

(5.1.1) ■- lim (x m+n )P m 

for any lift x m +n S R of x m+n £ R/(p)- Note that iW is independent of all the 
choices, and (x„)„ 6 z ;s0 H» (x^) ne z^ is the desired inverse. 

For any a 6 R, there exist an element a := (a^) € i? b with a' ) = a. (Note 
that a is not uniquely determined by a.) Another useful element is e = (e^™* 1 ) where 
= 1 and ^ 1. The choice of e is equivalent to the choice of a Z p -basis of 
Zp(l). 

Consider the following map: 

oo 

(5.1.2) 0:VF(i? b )^f, ^(ao.oi, ••■) :=^p n a^. 

n=0 

The same proof as |Bri08l Propositions 5.1.1, 5.1.2] shows that 9 is a surjective ring 
homomorphism with kernel principally generated by £ := p — [p], where [•] denotes 
the Teichmiiller lift. 

Let bJ r + (R) be the ker(0)-adic completion of W(R )[-}. Then t := log[e] makes 
sense as an element of Bj R + (R) (and indeed, it actually lies in the classical de Rham 
period ring B^ R (Z p )). Set Bj R (R) := Bj R + (R)[j]- These rings carry natural Q r- 
actions and filtrations Fi\ r Bj n (R) = t r Bj R + (R), which coincides with the ker($)- 
adic filtration. ^ 

Consider the i?-linear extension Or : R®z p W(R ) — > R of 6, and set Ai n f(R) := 

Hm n (R<S)z p W(lt))/(9 R 1 {pR)) n . Define B+ R (R) to be the ker((9 fl )-adic completion 
of A in f(i?)[i], and BdR.(R) ■= B^ R (R)[j], where t := log[e], which makes sense in 
B+ R (R). These rings carry natural (/^-actions. For filtration, we set Fil r B^ R (R) := 
(ker R ) r B+ R (R) for r ^ and extend it to FiT B dR (R) := £ n> _ r £ Fir +r B+ R (R). 
When R = &k with perfect residue field, BJ r (6k) = B^r^k) is the usual 
dc Rham period ring constructed by Fontaine |Fon94| . If it is possible to define a 



The "correct" notation for Qr should be Sjjjij, but we suppress this for the typographical 
reason. When R = 0]^ we allow both notations Q o K = Qk- 

2 ^We follow the notation of Scholze ISchlll Lemma 6.2]; perhaps, R would be a more precise 
notation as ], R) is a perfectoid affinoid ^Cjf -algebra, but there is no danger of confusion for 
using R . See ffiUl for (slightly) more discussions on perfectoid algebras. 
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connection on B<ir(R) (cf., Proposition l5.5[) . then we have Bj H (R) = (£?dR.(-R)) v=0 , 
which explains the notation. 

We define AY lis (R) to be the p-adically completed divided power envelope of 

W(R ) with respect to ker(#). The Witt vector Frobenius extends to <p on A^ ris (R)- 
We let Fil 1 AY lis (R) denote the ideal topologically generated by the divided powers 
of £ := p — [p], and FiV A^ ris (R) its rth divided power ideal. Note that A^ is (R) 
only depends on R - in particular, if R is a domain which satisfies the condition 
(dJ) in and R C R, then wc can identify A^ is (i?) with A v . is (i?). 

We continue to fix a PF-formally smooth algebra Rq as in WS.'Si Consider the 

i?o-linear extension 9r : Rq ®z p W(R ) — > R of 6, and define A CTis (R; R ) to be 

the p-adically completed divided power envelope of Rq ®z W(R ) with respect to 
ker(^)0 

As before, A cr i S (R; Rq) is equipped with a Frobenius endomorphism ip which ex- 
tends p on R and the Witt vector Frobenius on W(R b ). Let Fil 1 ^4 cris (i?; Rq) be the 
ideal topologically generated by the divided powers of ker(0R o ), and Fil r A clis (R; Rq) 
its rth divided power ideal. In addition, we define a connection V : A cl -i S (R; Rq) — >• 

A cr i S (R; Rq) (&r f2fl by W(R )-linearly extending the universal continuous deriva- 
tion of R so that V(/ yI ) := / b ' _1I V(/) for any / e Fil 1 A ais (R; Rq) and j > 
0. One can directly check that ip and C/fl-action on A cl -i S (R; Rq) is horizontal. 
Also note that A„ is (i?) is naturally embedded in A CI i S (R; Rq), and coincides with 
A cr i S (i?; i?o) V=0 ; hence the notation. When R = &k with perfect residue field, we 
have AZ is (0 K ) = A clis (0 K ; W). 

The elements [e] € W(R ) and the formal power series t = log[e] can be viewed 
in AY lis (R) and A clis (R; R ) , and have all the expected properties. (Indeed, they 
all lie in the "classical period ring" A cr i S (Z p ), constructed by Fontaine |Fon94| . ) 
We define B% is (R) := Aj lis (R)[\] and B clis {R;Ro) := A cris (R; R )[\}. Note that 
p is invertible in these rings since p divides i p_1 . (Note that p divides t p_1 in 
A cr i S (Zp), which is well-known.) For any r <E Z, we define Fil r B cl i a (R; Rq) = 
En>-r W Fil " +r ^cr is (i?; i?o)[§] and similarly define Fif B^R). 

If R is a normal domain which is formally smooth over 6k and Rj(w) locally 
admits a finite p-basis, we may choose Rq to be a VF-subalgebra of R by Lemma 1231 
In this case, we write A cria (R) and B CI i S (R) for A cr i S (R; Rq) and B CI i S (R; Rq) even 
though they depend on the choice of Rq. 

Definition 5.2. A filtered (tp, V) module over R (relative to Rq) is defined to be a 
quadruple (D,tpn, Vr>, Fil* fjj), where 

(1) D is a finite projective i?o[^]-module; 

(2) pd : D — > D is a </?-linear endomorphism such that 1 ® (/3c is an isomor- 
phism; 

(3) Vd ■ D — >• D ®jj f2fl is an integrablc topologically quasi- nilpotent con- 
nection (i.e., there exists a i?o-lattice A4q C D on which Vd induces a 
topologically quasi-nilpotent connection); 

(4) Fil* Dr is a decreasing separated exhaustive infiltration on Dr := R®r D, 
which satisfies Griffiths transversality with respect to Vd- 

We denote by MF fl ^ (ip, V) the category of filtered (ip, V)-modules over R relative 
to i?o- For any D £ MFr/Rq (</?, V), the Hodge-Tate weights of £> are aieZ such 
that gr™ D fl ^ 0. 



■^Note that our choice of -Ro is different from Brinon's in IBri08l §2] in the intersecting case 
unless R is formally smooth. 
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One can naturally define short exact sequences, direct sums, ^-products, duals, 
etc. 

5.3. Crystalline representations. For any p-adic C? ^-representation V and D e 
MF R / Ro ((p, V), we define: 

(5.3.1) D* cris (V) := Homg R (y, i? cris (i?; R )) 

(5.3.2) D* R (V) := RomgjV, B dR (R)) 

(5.3.3) V* is (D) = Rom Ro[ ± ]vVFn .(D,B cl , s (R;Ro))- 

Note that Z}* ris (V) is an i?o[^]-module equipped with a t^-semilinear endomorphism 
and a connection coming from B cris (R), D^ R (V) is an i?[i]-module equipped with 
a filtration coming from B<ir(R), and V* ris (D) is a Q p -vector space equipped with 
a continuous ^^-action. 

Note that in order to show that these constructions yield finitely generated ob- 
jects (over some suitable rings), let alone prove some natural properties, one needs 
to make some extra assumptions on R, which we explain now. 

5.4. Remark on Faltings' purity and refined almost etaleness. The following will 
be needed to ensure that relative period rings have nice properties (namely, Propo- 
sition 15. 5ft : 

(Sm): The normal domain R satisfies (dJ) in W2.21 and we have iln = (J)f =1 R$dTi 
for some finitely many units T t G Rq . (Cf. ®2~2l ) 
For example, R = K (Tf x , ■ ■ ■ T^ 1 ) and R = e K [[X u • • • , X d >]] (with the obvious 
choice of i?o) satisfy the above assumption. (In the first case, T,'s together with a 
lift of a p-basis of k do the job, and in the second case we use T[ = 1 + Xi instead.) 
For any R which satisfies the condition (dJ) in jj2.2l one can find fi € Rq\ Jr„ 
such that R(fi , ■ ■ ■ fn 1 ) satisfies this assumption, where R(X) means the ring of 
convergent power series for the p-adic topology. 

These conditions are slightly more general than the conditions on R under which 
the relative crystalline period rings A^ is (R) and A CI i S (R) are studied in |Bri06j and 
|Bri08j (cf., jBrilOL §1, §3]); the cases covered in the literature are when R = 6k 
(with the residue field k admitting a finite p-basis) |Bri06) . or when the residue 
field k is perfect and R is obtained by some combination of finite etale extension, 
localisation, and completion starting from <^ [T^ 1 , • • • , T^ 1 ] |Bri08j . 

The point of the assumption (Sm) is the "refined almost etaleness" (i.e., the 
condition (RAE) in |And061 §5]), which plays the key technical role in ensuring 
that relative period rings are well-behaved. Suppose that (Sm) is satisfied, and 
let A be a normal i?-algebra such that A[^] is finite etale over R[^]- Set i?(„) := 

R[Cp n i T^ 1 ^ , • • • , T^ 1 ^ } , where £ p n is a primitive p n th root of unity and TVs are 
as in (Sm). (Note that i?(„) is a finite normal extension of R.) We let A(„) := 
R(n) ®R A, which is normal i?( n ) -algebra which becomes etale after inverting p. 
Therefore, there exists an idempotent tA,n £ {A( n ) ®R {n) ^0))[^] which corresponds 
to the splitting of the natural map (A^ <8>i? (n) A( n ))[i] — > A(„)[i]. For e £ Q, let 
P e ^ Un K(Cp n ) denote any element with ord p (j/) = e, where ord p is the valuation 
normalised so that ord p (p) = 1. 

Theorem 5.4.1. Under the above setting, there exists an integer I (only depending 
on A) such that p lp za,u £ ^O) ®R(n) ^(«) f or an V n - 

Proof. This theorem is essentially due to Faltings |Fal02[ Theorem 4, §2b] and 
Andreatta |And06[ Theorem 5.1], and we indicate how to deduce this theorem 
from the aforementioned results. 
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Let us first assume that k is algebraically closed. Choose a VF-algebra map 
i : \V\Xf 1 ,--- ,X^] -> Rq with r ^ d, such that = T. t for i = 1, • • • ,d, 

and the composition fcLYj^ 1 , • ■ • , X^ 1 ] ®*> R/{w) -» R/ Jr is surjective. This is 
possible by Bertini's theorem (as A: is assumed to be algebraically closed). We set 
R' Q := Um s W[Xf r , ■ ■ ■ , X^/i J') s where J' := ker(W[X J ±1 ] -» R/Jr), and let 
i?' := ff K ®w R'o- 

The map i extends to a quotient map R' — » i?, and it admits a continuous section 
since R is formally smooth over @k- In particular, there exists a finitely generated 
projective i?-module M such that R' = R[[M]\ := Y\ i>0 ^y^ R M. (The proof is 
exactly same as the proof of |dJ95[ Lemma 1.3.3], except that we require that all 
maps should be ^-algebra maps.) We set R't n \ '■= R'[Cp n \ X^ 1 ^ , • ■ ■ ,xt X ^ p ], 
then the same argument as above shows that R'^ = i?(„)[[M„]] for some finitely 
generated projective i?(„)-module M n . 

Recall that the lemma is known for any finite normal i?'-algcbra A' such that 
is etale over i?'[±] by Faltings' purity theorem [Fal02[ Theorem 4] (c/. ; |And06[ 
Theorem 5.11]) and |And061 Theorem 5.1]. Now, for any normal i?-algebra A such 
that A[^] is finite etale over R[^], we can apply the result to A' := R' ®r A and 
obtain an integer I such that 

P lp ~ n e A >,n e A[ n) ®fl, Bj A[ n) S R (n) [[M n }} ®r m (A (n) ®r m A (n) ) 

for any n ^ 0. The image of p lp "ca',™ under the projection i?(„)[[M„]] ®r m 
(A(„) (E)R (n) ^4( n )) ^4(n) ®-R(„i ^.(n) (defined by quotienting out M n ) is exactly 
" tA.m so the lemma follows when k is algebraically closed. 
When k is not algebraically closed, we choose a map W —> W(k), which always 
exists. Since the lemma is known for W(k) <8>w R, we can deduce the lemma for R 
by repeating the argument in the previous paragraph. □ 

Let us list a few useful properties of these relative period rings. Although the 
statement is slightly more general than those found in the literature Bri06 , Bri08 , 
it is not hart to extend it to our setting. 

Proposition 5.5. Assume that R satisfies (Sm). For i = 1, • • • , d, letiii € A cr i S (R) C 
B c \r{R) denote the image of Ti — [Tj], where Tj 's are chosen as in §5.4\ 

(1) We have -B~}~ R (i?) = Bj R + (R)[[ui, ■ ■ ■ ,Ud]], and the associated graded rings 
are gr* B%f <* E[±][t] and gr* B+ R (R) SS S[i][t,m, • • • ,u d ]. 

(2) TTie Bj R (R)-linear connection defined by V(itj) = 1 <8> cffj satisfies the 
Griffiths transversality (i.e., V(Fil r B dR {R)) C Fif -1 B dR (R) (g> Ro h R J. 

(3) We /tawe ^4 cr i S (i?) = -A^ is (i?) («i , • • ■ ,Ud) PD ; i.e., the p-adically completed 
divided power polynomial in m 's over A^ is (i2). 

(4) T/ie laW Fif A cxis (R) is topological^ generated by (p - [p])^u^ l] ■ ■ ■ u^ d] 
for En=oi« > r, and we have FiV A% is {R) = Fil r A cris (R) n A^ i8 (R). In 
particular, t G Fil 1 A^R) C Fil 1 ^4 cri s(i?)- 

(5) The connection V on A CI i S (R) is the unique A^ is (R) -linear connection such 

that V(w[ n ') = u| n 1 ' ® dTi ; and </? : A cr ; s (i?) — > A cr i s (R) is horizontal. 

(6) Both B+ R (R) and A ais (R) have no non-zero t-torsion. (In particular, 

Acris(R) has no non-zero p-torsion.) The rings 

#[§L B+ R (R) and B dR (R) 
are faithfully flat over R[-], and B CI i S (R) is faithfully flat over Rq[-]. 
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(7) The natural map Rq ®z p W(R ) » R ®i p W(R ) uniquely extends to 
A cr is(R) — > BdR(R), which is injective, filtered, horizontal, andQ R-equivariant. 
Furthermore, the natural map R (£>r A cr i S (R) — > Bdn(R) is injective. 

(8) As an R[^]-algebra £?~j~ R (i?) contains R[-] as a Q^-stable subring, and we 

have BdY{.{R)^ R = ^[j]< Let Rq 1 denote the closure of maximal ind-etale 

Ro-subalgebra in R. Then A CI i S (R) contains Rq 1 ' as a Q^-stable subring, 
and B cris (i?) e « =i? [i]. 

(9) The sequence -> Q p -)• Bj lis (R)f =1 -> Bj R (R) / Bj R + (R) ->• is exact. 
(This sequence is called the fundamental exact sequence/ 

Proof. The proofs in |Bri06j and |Bri08j work in our setting (since we have all the 
ingredients for the proof; especially, Theorem 15.4.1)) , so we content with giving 
references for the proofs. 

For |T]) and ([3]), the same proof for the case R = @k carries over if we work with 
Rq instead of Ok (cf, Propositions 2.9, 2.19, and 2.39 in [Bri06j ): note that Rq is 
formally smooth over Z p , which suffices for the proof to work. A direct computation 
using Q shows ©. {Cf. |Bri061 Proposition 2.23], |Bri081 Proposition 5.3.9].) 

The statement (0J follows from and [Bri08l Proposition 5.1.2], which asserts 

that the kernel of 6 : W(R b ) -» R is principally generated by p — [p\. The state- 
ment © follows from a direct computation using ©-(HI) (cf., Proposition 6.2.5 of 
[BnSg| ). 

Thep- and t- torsion statement in follows from the proofs of Propositions 5.1.5 
and 6.1.10 of |Bri08j . The faithful flatness statement in follows from the proofs 
of Theoremes 3.2.3, 5.4.1, and 6.3.8 of |Bri08j . which uses refined almost etaleness 
(Theorem 15.4. ip . The proofs of Propositions 6.2.1 and 6.2.7 of |Bri08j show the 
injectivity statements of §7} while the rest of (J7J) can be directly checked. 

To see that there is a natural embedding Rq* ^ A cris (R), note that 9r in- 
duces a nilpotcnt thickening A CT1S (R) J (p n ) -» R/(p n ), so by ind-etaleness there 
is a unique map Rq* — > A cr i S (R) / (p n ) lifting the natural map i?Jj r — > R/(p n ) for 
any n. The same argument shows the embedding R[^] <— >• B dR (R) (cf., |Bri08l 
Proposition 5.2.3]). 

The proofs of Propositions 5.2.12 and 6.2.9 of |Bri08j shows ©. For © see the 
proof of [Bri08L Proposition 6.2.23]. □ 

5.6. (Relative) crystalline ^^-representations. Assume that R satisfies (Sm) in 
t}5.4l One can deduce (rather formally from Proposition [53]) the following proper- 
ties for Z? C ris, -DdR, and V cr i S (|5.3.1ll5T3.3p in the same manner as |Bri081 §8]: 

(1) For any p-adic ^^-representation V, the following natural maps (which 
respects all the structure) 

a C ris : B CTis (R) <g> i D* lis (V) -> B clis (R) ® Qp V 

a dR : B dn (R) ® R[k] D* dR (V) -> B dR (R) <g> Qp V 

are injective (cf., |Bri08[ Propositions 8.2.4 and 8.2.6]). If a cr i S is an iso- 
morphism then we say that V is crystalline. In this case, D* ris (V) is finitely 
generated projective over i?o[|] by Proposition l5.5l| 6")). and the natural map 
R®r D* lis (V) —> D^ R (V) is an isomorphism by Proposition I5.5t f7]). In 
particular, we may naturally view D* ris (V) £ MF fl ^(^, V) (cf., |Bri08[ 
§8.3]). We call D 6 M.F R / Ro (ip, V) admissible if there exists V such that 
D = D* TiB (V). 
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(2) Let RepQ" s (£_R) denote the category of crystalline {/^-representations, and 
let M.F R / Rg (ip, V) C MFjj/jj (<p, V) denote the full subcategory of admissi- 
ble objects. Then -D* ris and V* Tis are quasi-inverse anti-equivalences of Tan- 
nakian categories between Rep[jj rls (£fl) and MF^/ ilo (^, V) (c/., Theoremes 
8.4.2 and 8.5.1 of |Bri08j ). 

Example 5.6.1 (Case of p-divisible groups). For any p-divisible group R, one can 
define D*(G) := (W(G)(R )[±], Fil 1 ©*(G)(i?)[±]), and this is clearly a filtered 
((/?, V)-module with Hodge- Tate weights in {0,1}. (Note that Griffiths transver- 
sality imposes no condition.) We will show later (Corollary 16. 4. 2j) that under the 
assumption (Sm) in E)5.4I we have V* lis (D* (G)) = V P (G) (i.e., V P (G) is crystalline 
and D*(G) is admissible). We deduce this from a finer statement about the integral 
lattice T p (G) C V P {G) and W{G). 

6. Relative integral p-ADic comparison isomrophism 

In this section, we prove the integral p-adic comparison theorem for p-divisible 
groups over R, which directly follows from the proof of Faltings jFalMl §6]. A 
similar approach to ours can be found in |BT08j over a p-adic discrete valuation 
ring with residue field admitting a finite p-basis, and perhaps the main result of 
this section was already well known to experts, but we include this section for 
completeness. 

6.1. The rings S and A cr i S (R; Rq). We continue to assume that R is a normal 
domain (in addition to the condition as in <j3.3|) . Choose w^ n ' £ K for n > so 
that = vj and (w {n+1 ">) p = zv( n \ Note that w := (w^) defines an clement 

in it. Set := (J„ R[^ {n) ] C R, and Q Rx := G&(R\\\I RJ^) . 

We define an i? -algebra map & — >• R ®z p W{R) by sending u i-> [w], and 
this naturally extends to a Gb^ -invariant (but not C/fl-invariant) injective map 
S — > A cr is(R; Rq) which respects ip, V, filtrations, and divided power structure. 

6.2. Integral comparison isomorphism. Recall that for a p-divisible group G over 
R, the (contravariant) Dicudonne crystal D*(G) is obtained from the Lie alge- 
bra of the universal vector extension for (lifts of) G v (c/., |Mes721 Ch.VI]). Us- 
ing this definition, one can easily obtain D*(Q p /Z p )(5) = (S, Fil S,ip/p,ds) and 
D*(G m )(S) S (S, S,(p,d s ). 

As in the proof of Theorem let us denote M*(G) := B* (G)(5) for any p- 
divisible group G over R. Then we have W(G R )(A clis (R; R )) = A cris (R;R ) <g> s 
A4*(G) which respects all the extra structures, except the C/ij-action. (Indeed the 
isomorphism is only C/^-equivariant as S C A CI i S (R;Ro) is not C/fl-invariant but 
Qr^ -invariant.) Let us write MFj^^g.^jf^V) for the category of A cris (R; i? )- 
modulc equipped with Fil 1 , ipi and V in the exactly same way as MFj(yj, V"). 

As C/#-modules we may naturally identify T p {G) = Hom-^-(Q p /Z p , G R ). So we 
obtain a pairing 

T P {G) x (A cris (R; Ro) ®s M*(G)) -> A cris (ii;i?o) ® s M*(Q P /Z P ) = A cris (R;R ) 

by (x, m) i y x*m for any x : Q p /Z p -> G R and m € D* (G-^)(^ cris (i?; i?o))- There- 
fore we obtain the following integral comparison morphism 

(6.2.1) PG : A cl . is (R;R ) ® S M*(G) -> A cris (i?; i? ) ® Zp T p (G)* . 

With the naturally defined extra structures on the both sides, pa can be naturally 
viewed as a morphism in MF^jjj.^)^, V). 
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Remark 6.2.2. There is a natural C/fl-action on W (G^)(A CI i S (R; Rq)), which in- 
duces a C? ^-action on A cl - iB (R; R ) ®s M*(G). With this C?_R-action on the target, 
Pg is ^fl-cqui variant. Note that the C/fl-action on A cr i S (R; Rq) £g>s Ai*(G) does not 
fix M*(G); indeed, only Q Roo fixes M*{G). 

Theorem 6.3. The map pq is injective with cokernel annihilated by t. In particular, 
each of the morphisms below 

B cris {R;R )(g )Ro[ i ] D*(G) -> B clis (R; R )® S M*(G) B clis (R; Ro)® Qp V p {G)* 

is an isomorphism, where D*(G) is defined in Examvle \5.b'.l\ and the first map is 
induced by the unique section D*(G) —> A / f*(G)[i] as in Lemma \ 3.S.b\ Further- 
more, the composition B clis (R; R ) <S>r [1] D*(G) B clis (R; R ) ®q p V p (G)* is 
Q R-equivariant. 

Proof. The theorem follows if we show that pa (|6.2.1[) is injective with cokernel 
killed by t; indeed, the last assertion on C/^-equivariance follows from the Qr- 
equivariance of pa fRemark l6.2.2p and the Q ^-invariance of the section SA CIis (R-, Ro ) '■ 
D*(G)^A clis (R;Ro)® s M*(G). 

The proof is exactly the same as |Fal991 §6] . Let us first make pg explicit when 

G = G m . Let f3 : Z p (l) -> Fil 1 A ais (R; R ) be the map that sends e = (eW) G 

l^im^ \i v n (R) c R to log[e]. Then, one can verify that the morphism 

pg m : (A cris ( J R;iio),^ cris (ii; J Ro) ) v,V)^Hom Zp (Z 1 (l),^ cris (i?; J Ro)) 

sends 1 to /3, as explained in |Fal991 §6] (3 Therefore if we naturally identify 
Homz p (Zi(l), A CI i S (R; Rq)) with t~ 1 A cr i S (R; Rq), then pg can be identified with 

the natural inclusion A cr i S (R; Rq) <^-» i _1 .A cr i S (i2; Rq)- This shows that pg is in- 
jective and and its cokernel is killed by t. 

Let us now handle the general case. For any y £ Hom-^(G-^, G m -^) , one can 
check that the following diagram commutes: 

(6.3.1) A clis {R;R ) ® 5 M*{G) — ^ A cris (R;R ) ® Zp T P (G)* 

idA cris (B;R ) ®T p (y)* 
-^cris (R;R a )®sM*(& m) ^ -^cris 

{R;Ro)® Zp T p (G 

in j 

Recall that we have a natural C?#-equivariant isomorphism Hom-^(G-^, G m ^) ^> 
T p (G)*(l) defined by sending y : G-^ — > G TO -^ to i 4 i/ o i for any x G T p (G) = 

Hom-^-((Q) p /Z p , G-£). Now choose a Z p -basis £ G T p (G m ) so that i = /3(e), and let 
?; G T p (G)* be such that y corresponds to r\ ® e G T p (G)*(l) under the natural 
isomorphism (i.e., for any x G T p (G), we have y ox = ij{x)e). Recall that pg (1 ® 
1) = /3, and one can compute 

(id®T p (y)*) (f3):x^ 0(y o a?) = ^(e)i?(x) = *»/(*); 

i.e., (id ®Tp(j/)*) (/?) = t®r). By the commutative diagram (|6.3.1|) . it follows that 
t ?7 is in the image of pa- Since rj G T p (G)* can be arbitrary as we vary y, the 
theorem follows. □ 



■^One way to see this is by applying IMes72l Ch. VI, Theorem 2.2] to the sections over (the 
PD completion of) A cr i s (iJ; i?o). See IMes72l Ch. VI, §2.5] for the construction of the morphism 
of Dieudonne crystals corresponding to a morphism of p-divisible groups. 
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6.4. Galois-stable lattices. If R satisfies (Sm) (in §53]) then one can define T* ris (M) 
for any M G MF£(<p, V") as follows: 

(6.4.1) T c * ris (M) := Hom SiFil i ViV (Al A clis (R)), 

where ^4 cr i S (i?) is viewed as an S'-algebra as in (J6.Il and is given Fil 1 A cr j s (i?) , 
<pi:=$: Fil 1 A clis (R) ->■ A clis (R), and V : A cris (R) -> A clis (R) ® Ro h Ro . 

Clearly, T c * is (.M) is p-adic, and has a natural continuous Pit^-actiorjf^ induced 
from the C/^-action on A cr i S (i?). It is not a priori obvious if T* ris (A4) is finite free 
over Z p , but this follows from Corollary 16.4.21 below. (Indeed, we also show that 
rank Zp T* lls (M) = ranks M.) 

Corollary 6.4.2. Suppose that R satisfies (Sm) (in §5.4\ ). Then pa (as in 16.2.1]) ) 

induces a Q Rac -equivariant injective morphism 

T P {G) HomMF, cris(flo)( ,,v)(4ns(i?) ®s M*(G),A cris (R)) = T^ is (M*(G)), 

which is isomorphism if p > 2, and has cokernel annihilated by p if p = 2. In 
particular, it induces an isomorphism D*(G) — > D* ris (V p (G)) as filtered isocrystals. 

Proof. It is straightforward from Theorem 16.31 noting that p divides t if and only 
if p = 2, in which case p = 2 divides t exactly once. □ 

This corollary in particular proves that when R satisfies (Sm), the (/^-representation 
Vp(G) is crystalline and D*{G) is admissible for any p-divisiblc group G over R. 

Remark 6.4.3. It follows from the proof of Theorem 16.31 that T p (G m ) = 2-T c * is (G TO ) 
mV v (G m ) (ifp = 2). 

6.5. Galois Action on the Zp-lattice. We assume that R satisfies (Sm) in §531 It fol- 
lows from Theorem l6.3l that T* ris (M*(G)) can be viewed as a Q Rao -stable Z p -lattice 
in V P (G), and is & R -stab\e if p > 2. In this section, we define a natural £/_R-action 
directly on T* lis (A4* (G)) for any p, in such a way that the natural CJfl-equivariant 
map T* lis (M*(G)) V P (G) is ^^-stable. We generalise the construction in [Liu08[ 
§5] (cfi, [Bri02l §2.2]). 

Let us fix some notation. For any n ^ define a cocycle fS n > : Q R — > R as 
follows: 

(6.5.1) e {n) {g) := g ■w {n) /w {n \ for any g G Q R , 

Set e{g) := (e (n) (5)) 6 R\ and tg '■= log[e(p)] G A^ is (R). Note that for any g G Q R , 
t g is a Zp-multiple of t £ Fil 1 A cr i S (R) (where t is as in jj5.ip , and t g = if and only 
if 9 G • 

For M G MF s(f, V), let us modify the (/.R-action on A cris (R) ® s M using the 
differential operator Nm as follows: 

oo 

(6.5.2a) g-(a®x) := g(a) £> 9 ) H ® ^(x), 

i=0 

for g G Q R , a G ^4 cr i s (i?), and x £ A4. Here, (i g )' 1 ' is the standard ith divided 
power; i.e., (t g )$ := t g /i\ if i > and (tg)' ' := 1 (even when t s = 0). 



^ Note that the map S — > A CI i a (R) is only Qr^. -invariant, so we only obtain Q/j^ -action. 
Using the differential operator JVa/1, however, one can define a (/^-action on T* ria {M) that extends 
its natural Qr -action. See 96.51 for more details. 
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By the proof of |Liu08[ Lemma 5.1.1], the sum (|6.5.2a[) converged 3 ^ and gives a 
£i?-actiorO which respects tp and the natural fintration on A cris (i?) ®s M. When 
9 G Ob,^ we recover the natural Qr^ -action on A cris (R) ®5 M. 

For any / e T* ris (M), we A cris (i?)-linearly extend / to A cris (R) (g> s M -> 
A cr i S (i?). Now the following formula clearly defines a continuous action of g £ 
onT* is (X): 

(6.5.2b) g-f : x g-{f{g~\l ®x))), for x € 7W. 

If .M := B*(G)(S) for some p-divisiblc group G over R, then the image of the 
natural map D*(G) ^ M[-} lies in the kernel of N M . It then follows fr om Corol- 
lary that the natural injective Q Rao -map T* ris (M*(G)) -»■ V P (G) is indeed 
<?_R-equivariant for the C^-action on T* ris (M* (G)) defined as in (|6.5.2al I6.5.2b|) , 
In particular, the natural injective map pc ■ T p {G) T* ris (M) is (J^-equivariant, 
and pc is a ^/^-isomorphism when p > 2. 

6.6. Base change. Let R and i?' are normal domains over &k which satisfy the 
condition in 33.31 and consider an ^x-niorphism / : R — >• R! which restricts to 
a (^-compatible map R — > R' a for some suitable choices. (Cf. 33.60 We also let 
/ : S —> S' denote the map extending/ \r by sending u h-> u. 

Choose a separable closure E' of Frac R' and define R 1 to be the union of normal 
finite i?'-subalgebras of E which is only ramified at (w), as in 35.11 Set R'^ := 

[j n R'[w {n \ Gr> = Gal(W[$}/R'l~]), and Qr L := Gal(^[i]/^[|]). Let if, 
R'ooi Qr'i and Qw^ denote the obvious objects for R' . Choose / : R — > R' over 
/ : R —¥ R' (which is possible, and the choice is unique up to the actions by Qr and 
Qri), and consider the map Q R > Qr of profinitc groups induced by it. Under 
these choices, we obtain a map A clis (f) : A cris (R;R ) — > A clis (R' ; R' Q ) respecting 
all the extra structures. (In particular, -A C ris(/) is £7fl/-equivariant if we let Qri act 
on A CTis (R; R ) via the map Qri -> Qr.) 

Now one can easily see that the formation of pq commutes with the base change 
which satisfies the above assumption; in other words, for any p-divisible group G 
over R, we have the following cartesian diagram 

(6.6.1) A cris (R;Ro) ®sM*(G) A cris (R; Ro) ®i v T P (G)* 

A cri8 (7)®l 

A cris (R';R' ) ® s , M*(G W ) A cris (i?'; R' Q ) ® %v T p (G R ,)*, 

where the left vertical arrow is induced by the map A cr i S (f) and the isomorphism 
S' ® s M*(G) = M*(Gri) constructed in 3UI)1 If both R and R' satisfy (Sm) in 
35.41 from the left vertical arrow we obtain a -isomorphism T* lis (Ai*(G)) — > 
T c * is (A^*(Gi{')), which is an isomorphism because it has a saturated image and 
T* lis (M*{GRi)) and T* ris (M*(G)) have the same Z p -rank (by the diagram above). 
If p > 2, this recovers the natural identification T P (G) = T p (Gri), 

7. KlSIN MODULES: EQUIVALENCE OF CATEGORIES 

In this section, we generalise the notion of Kisin modules (i.e., ©-modules of 
height ^ 1) to the relative setting, and relate them to S- modules we consider. Wc 
prove a certain equivalence of categories which generalises |CL091 Theorem 2.2.1]. 



33 Since Njvt(M) C uM., it suffices to show that (t 9 )W — > as i — ¥ oo. But this follows from 
IFon94l §5.2.4] as (i 9 )M € A cris (Z p ). 

3 ^This is because g h-> t g is a 1-cocycle. 
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Throughout this section, we will work with slightly different choice of ©, E, and 
S from those introduced in 13.31 although they coincide if R satisfies the condition 
(dJ) in g£l See 97j]for more details. 

7.1. Setting. Let 6 be a flat PF-algebra such that &/{p) locally admits a finite 
p-basis, and we further assume that © is separated and complete with respect to 
(p, -E)-adic topology for some E £ 6. We choose a lift of Frobenius <p : © — > © 
over tp on W. Set R := &/{E). 

Now we may apply our discussion in 93.21 to A := © and / := (E). We let S 
denote the resulting D, and endow it with all the extra structure defined in 93.21 
We assume that pi(E) is invertible in S so that S defines a lifting frame. Note 
that we may apply Proposition 13 . 2 M and obtain a natural equivalence between the 
category of Dieudonne crystals over Spf (i?, (w)) and M.Fs(p, V). 

Let us give a few examples. If E = p (which we do not rule out), then we have 
S = &, although in this case the resulting theory is contained in |BM9Q[ Id J95] . If 
R is a formally smooth i^-algebra such that R/(va) locally admits a finite p-basis 
(c/., 92. 2|) . then we have already seen that © = i?o[M] and E = E(u) as in 93.31 
satisfy the assumptions above. 

Note that © is not necessarily of the form i?o[[u]] where u maps to w £ R. 
Consider 6 :— W[[Ti, • ■ ■ ,Td]). Then any element E £ 6 with constant term in 
pW x satisfies our assumptions; indeed, it is clear that E £ me, and the image 
of ipi(E) under S -» k is a unit. Note that R := &/(E) is necessarily regular; 
and conversely, Eike Lau has observed that any complete regular local ring can be 
written as &/(E) where the constant term of E is p (c/., [LaulObi §7]). 

Here is a non-local example such that 6 is not of the form i?o[[u]]. If R := 
& K {T lr -- ,T d )/(w - u) where u £ W(T lt --- ,T d ) with constant term 0. (An 
interesting special case is when u = T\ ■ ■ ■ T d .) Set & denote the u-adic completion 
of W(Ti, ■ ■ ■ ,Td), and let E £ W[u) denote the minimal polynomial of w with 
constant term p, viewed as an element of &. By Lemma 12.31 we can choose a lift 
of Frobenius ip : & — > & over the chosen ip : W — > W . Then E £ (p, u)& is 
topologically nilpotent and the image of <pi{E) under S -» R/(p, u) is 1. It is not 
difficult to see that this implies <pi{E) £ S x . 

Definition 7.1.1. Consider (©, ip), E, and R be as in 97.11 A quasi-Kisin &-module 
is a pair (3JI, ipvn ) , where 

(1) DJl is a finitely generated projective ©-module; 

(2) (psjji : 9JI — > 9JI is a tp-linear map such that coker(l (gi ipm) is killed by E. 
Let Mode(v?) denote the category of quasi-Kisin ©-modules. 

Let Mode(v, V) denote the category of pairs (£Dt, (pm), where 9Jt is a quasi- 
Kisin ©-module, and Vjk : M. — )• A4 <S>e on M. := S ® Vl e is a topologically 
quasi-nilpotent integrable connection which commutes with ipM '■= <ps ® Vot- 

Generalising the construction in |Bre98j . for any 9JT £ Mode(<p) we can make 
A4 := S ® Vt e 9H into an object in MFg(^) as follows: 

(7.1.2) Fil 1 M := {x £ M\ 1 ® <p<m{x) £ (Fil 1 S)(g> 6 WlC S®& M} 

(7.1.3) n : Fil 1 M (Fil 1 S) ® e M S ® Vt e M = M. 

One can directly check that the above construction satisfies the definition of MFs(</j) 
We set ipM = Ps ® PdJi , and then tpi = <Pm/p defines a map Fil M. — > M.. Fur- 
thermore, if 9Jt is a Kisin ©-module then S ® Vi 6 9tt is an object in MFg(y, V). 

Definition 7.1.4. Let 911 £ Mode(v)- Since l(S>yan : 'P*^ — > 9H is injective, we have 
a unique injective ©-linear map ipm '■ 9# — > </5*9Jt such that (1 x iprgi) oip M = Eidtm 
and V'ot ® (1 ® pm) = Eid v *m- 
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We say that 971 is ip-nilpotent (respectively, ip-nilpotent) if for N 3> we 
have tp^m C pffl (respectively, i/^(97t) C p(tp n *Wl)). Let Mod 6 (</^ nil P and 
Mode (<p)^ nllp respectively denote the full subcategories of 93-nilpotent and ip- 
nilpotcnt objects. 

Note that 971 G Mod© (tp) is (/3-nilpotent (respectively, -0-nilpotent) if and only if 
S ® Vj e 271 is (p-nilpotent (respectively, ?/;-nilpotent) in the sense of Definition ^. 3. II 

Definition 7.1.5. Assume that & = Ro[[u]] and E G LF[u] is a minimal polynomial of 
■m. Then we define a Kisin &-module to be a pair (971, V.m ) where 971 G Modg(^) 
and is a connection on A^o := Ro ®^.e 971 which makes A4q into an object in 

MF fl „(^,V). We let Mod©^, V°) denote the category of Kisin 6-modules. 

Remark 7.1.6. In the above setting, the recipe in Remark 13.3.41 defines a fully faith- 
ful functor Mod 6 [<f, V) -> Mod© (tp, V°) by Lemma 15X51. which is an equivalence 
of categories when R satisfies the condition (dJ) in ^2.21 by Theorem 13.51 

If R = £?k[[T\ , ■ ■ ■ ,Td]] and the residue field k is perfect, then we saw that the 
forgetful functor Modg (1/), V) — > Mod©(<^) is an equivalence of categories (cf, 
Corollary [Q^D . 

Lemma 7.1.7. Let 971* := [0 -> 97ti — > 97t 2 97t 3 — >• 0] be a sequence of maps of 
finite projective & -modules. Then 971* is exact if and only if S 9Tt* is exact. 

Proof. The "only if" direction is clear from (3-flatness of 97?3. Assume that S <E>tp t s 
971* is exact. Since 97L, are ©-projective the natural maps 97t» — > S ® v ,6 971^ are 
injective for any i = 1, 2, 3, so 971* is left exact. By Nakayama lemma and faithful 
flatness of tp : Rq — > Ro , it suffices to show that i?o <8> v ,© 971* is right exact, which 
follows since R ®^© 971* = R (g> s {S (E> v .e 971* )■ □ 

Lemma 7.2. Under the setting of <St7.iL the functors Mode(^) — > MFs((/>) and 
Mod©(<y9, V) -> MFs(<p, V), defined by S ® v ,e (•), are f u ^V faithful. 

Proof. It suffices to show that Mod©(</?) -> MF S (^) is fully faithful. When i? 
is a discrete valuation ring (with residue field not necessarily perfect), this lemma 
is proved in |BT081 Proposition 6.8], and the proof can be modified to work in 
our case as follows. Let (971, tp) and (971', (^') be objects in Mod© (tp), and set 
M. := S ® Vi 6 971 and M! := S 971'. We need to show that any morphism 
/ : M -> M' of MF s (p) maps 971 into 971'. 

Since we have / o cp = (p' o /, we obtain E ■ f — (1 <g> (/?') o (tp* f) o (1 ■0) where 
V' := V'ot is as defined in Definition 17.1.41 By repeating this process, we obtain the 
following: 

(7.2.1) E n f = (1 ® <^") o (c^"'*/) o (1 g> 

for any n. 

Since 5 = 6 + Fil 1 S, we get tp(S) C p(6) + p5 c & + pFil 1 S". By repeating 
this, we obtain that ip n {S) C © + p n Fil 1 S. 

Now, choose a;i, ••• ,x r G 97t which ©-linearly generates AL Then applying 
(TTXTIl . it follows that E n f(x,) G (© +p n Fil 1 S) 8^,© 97? C M'. (Note that 971' is 
flat over 6.) 

Claim 7.2.2. If s G S satisfies E n s G n (6 +p" Fil 1 5) for any n, then s€&. 

Let us first deduce Lemma I7T21 from this claim. The claim implies that f(tp*9Jt) C 
tp*$Jl'. By assumption we have / o ip = tp' o /, and : M. M takes the &- 
submodule tp*Wl C .M into the (/j(S)-submodulc 97t G M, which becomes onto 
after inverting E (and similarly for tpM' ■ Therefore, if f(tp*9)l) G p*dJl' it follows 
that /(97l[i]) C 97l'[|]. Observing 97t = <p*Wl D (and similarly for 971'), we 

have /(9H) C9W. 
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Let us prove Claim 17.2.21 Choose a Z p -linear splitting r i— >■ r of the natural 
projection © -» i?0 Then any element s £ S can be uniquely written as s — 
Y^iLo'siE^ 1 where Sj are the lifts of s, 6 i?, and if a 6 & then each is divisible 
by i\. 

By the assumption on s, we have for each n the following equation: 



E n s = 

We thus have 

(7.2.3) 

w (z + ?i)! 

for any i and n. We want to show that each of 3j/i! is in 6. This is obvious when 
i = 0,1. Note that ord p ((i + ??)!) < so for any i one can choose n such that 
ord p ((i + n)\) < n. Claim 17X21 now follows from {7X3]). □ 

Proposition 7.3. Under the setting of iit7.il the functors Mode(</?) — > MFg(yj) and 
Mod© (</?, V) - > MFs(y>, V), defined by S £3> Vj e (•)> are equivalence of categories 
which exactly matches exact sequences on the source and the target categories. 

Corollary 7.3.1. We use notation from $7.11 Then there exists an exact contravari- 
ant functor 

9Jt* : {p-divisible groups over R} — > Mod@ (i/i, V) 
such that for any p-divisible group G over R there exists a natural isomorphism 
W(G)(S) = S® v , e M*(G)in MF S (if, V) . 

If R satisfies the condition (dJ) in $2.21 then 9Jt* is an anti- equivalence of cate- 
gories. When DJl* is restricted to the full subcategory of formal p-divisible groups (re- 
spectively, unipotent p-divisible groups), then DJl* composed with the forgetful func- 
tor Modg(<yS, V) — > Modg (92) is fully faithful with essential image Mode(v) ¥ ' nllp 
(respectively, with essential image Mode(y))''" lllp J. 

If R = 0k[[Ti, - ■ ■ ,Td\] with perfect residue field and (Ro,tp) is chosen as in 
Corollary \4-3.2[ then 9Jt* composed with the forgetful functor Mode(<p, V) — > 
Modg (v 3 ) zs a ^ so an anti- equivalence of categories. 

Proof. This is immediate from Theorem 13.51 Corollary 14.3.21 and Proposition 17.31 
except the full faithfulness assertion when p — 2; note that we have not yet proved 
the full faithfulness of M* when p = 2 and R satisfies the condition (dJ) in W2.'2\ 
(cf, the proof of Theorem 13. 5p . In this case, we will directly prove the 9Jt* is fully 
faithful using Proposition 19.11 later in Corollary 19.5.11 (Actually, this completes 
the proof of the p — 2 case of Theorem 13.51 using Proposition [731) D 

Remark 7.3.2. Similarly, when p > 2 one can deduce that DJl* is fully faithful if 
either R is excellent or Rj (w) is normal and locally has a finite p-basis. Note that 
the assumption on R forces Rj(vj) to be locally complete intersection, so we may 
apply Theorem 13.51 and Proposition 13.2.41 One can obtain a similar result on full 
faithfulness up to isogcny. 

Remark 7.3.3. If R is a complete regular local ring with perfect residue field, then 
Eike Lau has proved a stronger result than Corollarv l7.3.1l namely, if R is a com- 
plete regular local ring with perfect residue field, then CUT* is an anti-equivalence of 
categories even after forgetting the connection V. See jLaulObi Theorem 1.1] and 
[LaulOci Corollary 7.6] for the precise statement. 



If & = Rq[[u]] then we can require the lifts r of r to be the unique lift with ti-degree strictly 
less than the degree of E. In general, we can prove that R is free over Z p as follows. Using Zorn's 
lemma, R/(p) is free over F p . Now we inductively show that R/(p n ) is free over Z/(p") by local 
flatness criterion IMat86l Theorem 22.3(4)]. 
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Remark 7.3.4. The functors in Proposition l7.3l and Corollarv l7.3.1l do not necessarily 
commute with arbitrary base change, but there are a few cases where we can define 
base change. We can for example define base change for "etale morphisms" in a 
similar way to 93.61 (Exl). If © = Ro[[u]] and E £ W[u) is a minimal polynomial of 
w, then the functors in Proposition 17.31 and Corollary 17.3. II clearly commute with 
the base change which satisfy the condition stated at the beginning of 93.01 

To prove Proposition 17.31 it suffices to prove that the functor Mode (f) 
MFs(tp) is essentially surjective. We do this by modifying the proof of [CL091 
Theorem 2.2.1]. The proof also works when p — 2 with little modification. 

Let us begin the proof of Proposition 17. 31 with a few preliminary lemmas. From 
now on, we consider (M , Fil 1 , tpi ) £ MFs(<p), and set Mq := Rq ®s M. The 
following lemma is not trivial when M is not necessarily free over S. 

Lemma 7.3.5. For M as above, there exists a projective & -module 71 equipped with 
an S -isomorphism S (g>e 71 = M. Any two such projective 6-modules 71 and TV 
are (non-canonically) isomorphic. 

Proof. Since / (Fil 1 S)M is a projective i?-module, we can lift it to a projective 
©-module 71. Then by Nakayama lemma, there is an isomorphism S ®e 71 = M. If 
there are two such ©-modules 71 and 71', then one can find an isomorphism 71 = 71' 
which lifts an isomorphism 7X/E7X = M /(Fil 1 S)M = TX'/ETX'. □ 

Lemma 7.3.6. There exists an S -linear injective map B : M — > Fil 1 M such that 
EM C B(M), Fil 1 M = B(M) + (FiF S)M, and (p 1 {B{M)) generates M. 

Proof. Consider the "Hodge filtration" 

0^Fil 1 7W/(Fil 1 S')A^ -> M/iYil 1 S)M -> M/ Fil 1 M -> 0, 

which splits as modules over R = S/ Fil 1 S. We lift this filtration to an S'-direct 
factor N C M such that N C Fil 1 M, and choose a splitting M = N®M/N. Wc 
define B to be identity on M and multiplication by E on M./M. 

By construction, wc have Fil 1 M = B(M) + (Fil 1 S)M and B(M) contains 
EM. Since Fil 1 S = ES + FiF S, it follows that Fil 1 M = B(M) + (FiF S)M. 
Now tpx(B(M)) has to generate M since |(FiF S) C pS. □ 

The following is the key technical lemma for proving Proposition [731 

Lemma 7.3.7. There exist a projective 6 -module 9Ji and an injective map B : M — > 
Fil 1 M which satisfies the following: 

• There is an isomorphism S (8> Vj e Tfi = M. (From now on, we view, via 
the natural inclusions, 7SI as a ip(&)-submodule of M, and ip*9Jl as a ©- 
submodule of M.) 

• We have EM C B(M), Fil 1 M = B(M) + (FiF S)M, 
and 751 = c^ 1 ^p 1 (B(ip*7H)) in M, where c = ip(E)/p. 

• The map B : M -4 Fil 1 M CM takes ip*7ll into itself. 

Proof. (Cf. [CL091 Lemma 2.2.2]) Wc let Fil 1 (<p*M) C ip*M denote the image 
of ^(Fil 1 ^) in (p*M. As observed in the proof of Lemma 13.5.21 wc have an 
isomorphism 1 <g> ipi : Fil 1 (ip*M) ^> M. 

For any n ^ we recursively construct a projective ©-module 75l^ n \ and S'-linear 
maps BW,CW,DW : M M such that 

(1) S v ,e at (n) = M (so wc view t^**!) 1 ?^ 1 ) as a 6-submodulc of X, and 
as a (/?(©)-submodulc of M); 

(2) B(")(X),C ( ™H-^) C FiFX, and (C^ - B^){M) C (p" Fir +P 5)A^ . 
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(3) we have EM C B^(M), Fil 1 M = B {n \M) + (FiF S)M, and SDT^ = 
c -1 ^! (ip*DJl^)) where the equalities take place inside A4; 

(4) C ( ") takes tp*Tl^ into itself (hence, is automatically injective); 

(5) We have a recursion formula OT^ 1 ) := c~ Vi (c (n) (<P*^ (ti) )) • 

(6) l + £K n ) is an automorphism of M. which takes 9JtW onto 2Jt( n+1 ) and such 
that £H n '(.M) C p^ n M. for some strictly increasing sequence /x n € Z>o- 

Let us first construct DJl^ ', B^°\ and C^°\ Choose a projective ©-module with 
S 1 ® e 91" = 9Ji", which exists by Lemma 17.3.51 Choose B' : M — > Fil 1 M as in 
LemmaOSl Set := c"Vi (B'(Vl)) , which is a ^(6)-submodule of X. We 
view 9Jt^°- ) as a ©-module by letting s£6 act via the multiplication by ip(s) G 5. 
This ©-module structure makes (c" 1 ^!) oB' : 91 — > DJl(°> into a ©-linear surjective 
map. But since DJl^ spans M. by assumption on B' (Lemma IT.3.G[) . the ©-linear 
surjective map (c _1 <pi) o B' : 91 —> DJl^ should be an isomorphism and DJl^ is 
projective over © (as the source of the map is so). Now St' ' satisfies (fTJ). 

By the uniqueness assertion in Lcmma l7.3.5l we can find an automorphism of M. 
which takes ip*DJl^ onto 91. Let B^ denote the composition of this automorphism 
with B' , which clearly satisfies ([3]). To find C^ ' satisfying we first observe that 
S = G + FiF S, so we have M = ip*M^ + (F& p S)M. Now, choose a map 
C (0) . ^3*9^(0) ^ ^*«DT(o) w hich lifts 

ip*m {0) m ^ M/(Fi\ p s)M s ip*m {0) /E p {ip*m ia) ). 

Then by construction the image of B^ — is inside (Fil p 5')7W. 

From now on, let us assume that we have OJtW, flW, and C( n >, which satisfy 
CO)-©. We now define using the formula given in §5§ as a ^(©^submodulc 

of A4, and we view 2Jt(" +1 ) as a ©-module by letting s G © act via the multiplication 
by p(s) G S. The map c"Vi : C^(tp*Tl^) -> 9Jt(™ +1 ) is a ©-linear surjection, 
so 97l' rl+1 - ) would be a projective ©-module satisfying (fT]) provided that its S'-linear 
span is M (i.e., S ® v , e = X). 

Now let us construct an automorphism 1 + D^ n ' of M which satisfies From 
this we will deduce that 9Jl'" +1 ) is projective over 6 and satisfies (fTJ). By induction 
hypothesis © on B^ n \ the ©-linear map (c"Vi) o B^> : ip*9Jl (n 1 ->■ is an 

isomorphism. We set 
(7.3.8) 

D(n) ; M {(c -^ lM ,*B^ )r \ / ^ V >( C ™-B*X Fi lVX) X, 

where Fil 1 ^*^) is the image of <p*(Fil 1 M) in ip*M. By (0), the endomorphism 
1 + of M takes Wl^") onto ^ n+1 \ 

Claim 7.3.9. We set \ n :=n+p~ |"2±E] ifp>2, where \a\ = m£{x G Z| a; > a}; 
and A„ := 1 i/p = 2. T/ien we We L»(")(X) C p A "+"7W. 

Granting this claim, it follows that 1 + Z}(") is an automorphism of A4, and 
i s projective over © and satisfies (fTJ). (Note that A„ ^ 1 for any n.) 

Let us prove Claim 17^3.91 For any s G Fil 1 5* and m G M we have ^i(sm) = 
c-Vx(s)yi(-Bm). Since (CW - 5W)(M) C (p" Fil" +P S^-M by assumption, 
it suffices to show that <fi(s) G p A "S* for any s G Fil" +P 5. By writing s = 
Si^n+p a>iE l /i\ with a.; G ©, this assertion is reduced to showing the inequal- 
ity i — ordp(i!) A„ for any i ^ n + p. When p > 2, Claim [T.3.91 follows from 
ord(i!) < When p = 2, we can directly check i — ord2(i!) 1 = A„ for any 

i ^ p = 2. (Indeed, 2™ — ord2(2 n !) = 1 for any n ^ 1, and this is exactly when the 
lower bound is achieved.) This proves Claim IT3.9I 
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Now we set 

oo 

(7.3.10) := C (n) (1 + D^y 1 = C (n) ^(-L> (n) )\ 

i=0 

From the hypotheses on flW, CW, and it follows that satisfies 

It remains to construct C^ n+1 ' which satisfies ((!]). We first observe that 
c 9Jt(«) = (1 + Z? (,i) )- 1 (im( n+1 )), so to construct C*( Tl+1 ) it suf- 
fices to find a decomposition = D[ n} + where D[ n) (S0T (n) ) C SDT (n+1) and 
D { 2 n) (Tl^) C (p n+1 Fir +1+p S')X. Indeed, we will show that 

(7.3.11) D (n) (M) C p x - +n M C S0T (n+1) + (p" +1 FiP +1+p S*).M. 

(Once this is done, one can repeat the argument for n = and obtain the desired 
expression flW = D[ n) + .) 

Now to see the last inclusion in (|7.3.1ip it suffices to show that p Xn+n S C 
6 + Fil" +1+P S; i.e., p ^+ n M^ g 6 for any £ n +p. Indeed, when p > 2 we 
have A„ + n — ord p (i!) A„ + n — — ^j- ^ 0, and when p = 2 we have remarked that 

ord2(i!) ^ i — 1. Hence, we obtain as in This concludes the "induction 

step". 

Now, let COT denote the direct limit of SOT^™-'; in other words, 

oo 

m ■.= + D^)){m {0) ), 

which makes sense thanks to ©• Since n^Lo(^ + D^) is an automorphism of A4, 
it follows that IDT is projective over © and A4 = S €5 v .e SOT. 
We now define B : M. — > Fil 1 .A4 by the following limit 

oo 

B := " lim flW" = B (a) + ^ (B {n+1) - B {n) ), 

n— >oc ^ — ' 

n=0 

which converges since 

_ bW)(^() c by construction (|7.3.10|) . Note 
that also converges to £> by induction hypothesis @. Now all the desired 

properties of B can be deduced from the properties of B" and C"; especially 
from induction hypotheses (J3]) and □ 

Proof of Proposition \7.°A Let SOT and B as in Lemma 17.3.71 Recall that tp M (to) = 
c~ 1 (p 1 (Em) for any meM. Since B takes v?*S0T into itself and EM C B(.A4), we 
have £(<p*S0T) C B^SOT). So from c"Vi(-B(^*9JT)) = SOT, we see that SOT C M is 
stable under 93^. We set (p<xn '■— <pm\<bi- 

We now show that EM C (l®tp m )(ip*m). Note that (l®ipm)(m') = c _ Vi(.EW) 
for any m' G ip*DJl. For any m € SOT let m! G 1,9* SOT be the (unique) element such 
that c _1 (/5i (B(m')) = m. Clearly, we have c~ Vi (-B(-EW)) = </?(£) 

to as elements 

of .M; i.e., (1 ® <^ot)(to') = E-m as elements of SOT since we defined ©-action on 
SOT C via iy9 : 6 — » S 1 . This shows that SOT is a quasi-Kisin ©-module. 

It remains to show Fil 1 (5 ® y , e SOT) = Fil 1 M = B(M) + (FiP S)M. To show 
Fil 1 (5 «v, e SOT) C Fil 1 M, it suffices to observe that for any m' G 95* SOT, we have 
(l(g)<p)(m') G -ES0T if and only if m! G -B(<y9*S0T); indeed, we have already seen the "if" 
direction, and the "only if" direction easily follows from c~ 1 tpi (B((p*9K)) = SOT. To 
show Fil 1 (S® v , & SOT) 2 Fil 1 M, it suffices to show that Fil^tfig^eSTt) 3 B((p*9Jl). 
Note that the image of the natural inclusion 5* ®e SOT °-» 5 <8> v ,s SOT = M is the 
y(S)-span of SOT in .A/f, and for any s G S the natural multiplication by s on 
SOT is translated as multiplication by <p(s) on <p(S)-(9Jl). Then we can identify 
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(Fil 1 ^) (g> e 971 with ip(Fil 1 S)M, and (1 ® ip m )(B(m')) with c" 1 ip x {EB{m')) for 
any m' € <y9*9Jt. Now the claim follows from a direct computation. □ 

Remark 7.3.12. With the suitable generalisation of the notion of relative Breuil S- 
modulc for the "semi-stable" case with weights ^ r for r < p — 1 (cf., Remark |3. 3. 4[) . 
Lemma 17.21 and Proposition 17.31 hold in this generalisation with the same proofs. 

8. Etale ^-modules and Galois representations 

We generalise the theory of etale (^-modules to our relative setting. All the main 
ingredients are in Scholze's work on perfectoid spaces |Schllj . We refer to jSchllj 
for the basic definitions on perfectoid algebras. 

8.1. Review: Perfectoid algebras. Throughout this section, we assume that R is a 
p-adic normal domain which is formally smooth over &k such that R/(w) locally 
admits a finite p-basis (cf., W2.2\i . We choose i?o, <5 := i2o[[u]], and E(u) G 6 as in 
<33.3I Let fc pcrf := lhn^ k denote the perfect closure of k. Since W(k pcrl ) is naturally 

isomorphic to the p-adic completion of lim W, we obtain W(k pcrf ) where 
the map depends on the choice of ip : W — ¥ W. 

Let L C K the p-adic closure of the extension of W(k pelf )) generated by 
for all n ^ 0. Note that L is a perfectoid field Schll, Definitions 3.1] (i.e., the 
pth power map (f : L° j(w) — > L°/(w) is surjective). We let L° C L denote the 
valuation ring, which coincides with the subring of power-bounded elements in the 
sense of {Schll I Definition 2.6(i)]. Consider its "tilt" L bo := Urn L°/(za), which 

is isomorphic to the u-adic completion of [J n k peri {[u p ]] y i a identifying u with 
(ro (ll) ) n ^o e L bo . Then L b := L bo [i] is a perfectoid field by jSchllL Lemma 3.4] 
(i.e., complete and perfect with respect to a rank-1 valuation), which identifies L b ° 
with the valuation ring of l) . We respectively denote by mi C L° and m L t, C L bo 
the maximal ideals. 

We set := &/(p) = i?/(ro)[[u]], and let be the w-adic completion of 

the perfect closure lim E^ . Set E Roo :=E^[~] andE floc :=E^[±]. Note that 
Ejj C Efl^ is open and bounded for the u-adic topology, and it coincides with the 
subring of power-bounded elements. So by [SchllL Proposition 5.9], (Efj^E^ ) 
is a perfectoid affinoid L b -algcbra (cf., Definitions 6.1 and 2.6 in |Schll| ). 

Theorem 8.1.1 (Scholze, [Schlli Theorem 5.2, Lemma 6.2]). There is a natural 
equivalence of categories (A,A + ) ~+ (A b , A + ) from the category of perfectoid affi- 
noid L-algebras to the category of perfectoid affinoid L b -algebras, characterised by 
a natural isomorphism A + /zo = A b+ /u over L° / (w) = L b ° /(u). 

Following Scholze we call (A b , A b+ ) the tilt of (A, A+), and we often write A and 
A b for (A,A+) and (A b ,A b+ ) if there is no danger of confusion. 

Let (-Roo[^]) Roo) is a perfectoid affinoid L-algebrs[3 whose tilt is (Ei^E^ ). If, 

for example, R = ff K (Ti)i=i,... , d , then we have = L°(Tf°°) = to L° [Tf~ °° ] / (p n ) 

by [Schlli Proposition 5.20]. In general, we can construct R^ explicitly as follows 
(cf, [Schlli Remark 5.19]): 

-Roo — Wi^Ej^) ®w(L b °),e L° , 

"^We always give the p-adic topology on (-Roo[-], -Roo). 
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where 9 is defined as in (|5.1.2[) . Note also that has a natural structure of 
p-adic i?oo-algebra using the Cartier morphism Rq —> W(E^ ) (i.e., the unique 
tp-equivariant morphism which lifts the natural map i?o/(p) — > ). 

Let us show that Roa is the p-adic completion of an integral extension of R 
which becomes ind-etale after inverting p. Since the assertion is Zariski local on 
Spf(i?, (vj)), we may assume that R/(zu) has (globally) a finite p-basis. Then for 
any lift {T{\ C Rq of a p-basis of R/{w) we have 

(8.1.2) i?oo = i?oo®z p Z p (Tf^), 

where the completed tensor product is taken with respect to the p-adic topology. 
Indeed, we have R oc /(w) % P (T[ ) = /(u) by mapping Tj to the corre- 
sponding p-basis of R/(w) contained in E^ /{u), so by the characterisation of the 
tilting (cfi, Theorem 18. we have the isomorphism (|8.1.2|) . Now, the right hand 

side of (|8.1.2p is the p-adic completion of R^ ®% v Z p [Tf ], which is an integral 
extension of R that becomes ind-etale after inverting p, as desired. 

We can now fix an embedding i?^ R over i?^, hence it induces a continuous 
embedding Q~ <-> Qr x C Qr, where Q~ is the ctalc fundamental group of 

Speci?oo[i] (with respect to the common geometric generic point as a base point). 
It follows from |GR031 Proposition 5.4.54] that this map is a closed embedding as 
i?oo is the zu-adic completion of an integral i?-subalgebra of R which is henselian 
along (n7)0 By the tilting equivalence (Theorem I8.1.1[) on the other hand, one 

obtains an injective morphism (i?oo) b = E^ R° , where R° was defined in iJ5.ll 

(Clearly, the tilt of (R[l/p],R) is (I?[l/w],T?), where w = (vj^) elt.) From 

now on, we will treat E^ as a subring of R via this embedding. Note that this 

embedding identified u 6 E^ with w £ R . 

The following is a direct consequence of [Schlll Theorem 7.9]: 

Theorem 8.1.3. For any fixed R, R^[^\ can be canonically identified with the u-adic 
completion of the affine ring of a pro-universal covering of Spec E^ . Defining 
Q~ using this pro-universal covering, there is a canonical isomorphism Q~ = 

Q~ such that the natural actions of both groups on R [~] coincide. 

8.2. Etale (^-modules and Galois representations. Let Ge be the p-adic completion 
of 6[i], and set £ :— The endomorphism extends to Gs and 

£ , which we also denote by <p. Note that Gs is a Cohen ring with residue field E^ , 
and cp lifts the pth power map on the residue field. 

Definition 8.2.1. An Stale (tp, Gs)-module is a finitely generated ^-module M 
equipped with a ^-linear endomorphism ifM ■ M — > M such that the linearisation 
1 <8> <Pm ■ cp*M —} M is an isomorphism. We say that an etale (ip, Gs )-modulc 
M is projective (respectively, torsion) if the underlying ^-module M is projective 
(respective p-power torsion). 

Let Mod^' £ ((/?) denote the category of ctalc (if, i^£)-modules. Let Mod^ pl (1,9) 

and Mod^/ tor (<p) respectively denote the full subcategories of projective and torsion 
objects. 

37 Note that a ro-adic ring is henselian along (ro), and the property of being henselian along 
(w) is preserved under taking direct limits. 

38 We tried to make our notation similar to IKis06l , instead of following the notations in IAnd06l 
for relative (ip, r)-modules. 
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Any etale (tp, <C%)- module annihilated by p is automatically projective over E^ := 
^f/(p), which follows from the same proof as |And06l Lemma 7.10]. 

For any quasi-Kisin ©-module 9Jt, the scalar extension M := 0s <g>e 9# together 
with pm := pff £ ® tpyjx is a projective etale (<p, ^)-module, since E{u) is a unit in 
0s- 

There exists a natural notion of subquotient, direct sum, ®-product for etale p- 
modulcs. Duality is only defined for projective and torsion objects. For a projective 
etale (p, 0s )-module M, we define a dual etale (p, ^f)-module M* to be the 0s- 
linear dual of M where pu* is defined so that 1 ® pw = ((1 <S> Pm)" 1 )* ■ We can 
similarly define duality for torsion etale (p, <??£)-modules using Pontragin duality 
M ■** Hom^(M, G £ ®z p Qp/Zp). 

The natural inclusion Er^ ^-s> Er^ has a unique lift £ ^ ^(Ei?^) with the 
property that the Witt vector Frobenius restricts to p on &s- (Indeed, W^Er^) 
can be naturally identified with the p-adic completion of lim 0s-) So we can view 

W(i? b [i]) as an ^-algebra. 

Let 0™ be the integral closure of &s m ^(-^["Di an d 0™ the p-adic closure 
of ■ Let © ur is the integral closure of © in ffg 1 ', and © ur be its p-adic closure. 
Note that © ur is indeed contained in W{^), not just in W(R [£]). 

Since E^ is the u-adic completion of a radicial extension of ~Er^ (which is 
henselian along (u)), it follows from Theorem 18.1.31 and [GR031 Proposition 5.4.54] 
that we we have natural isomorphisms Aut& E (0g T ) — > 5e Koo — , where the 
first isomorphism is given by sending g £ Aatff £ {0™) to g mod p. Since the Q~ - 
action on is p-adically continuous, it extends to a continuous Q~ -action on 

G™ and ©^ r , respectively. In particular, we obtain a Q~ -equivariant embedding 
(8.2.2) 6 ur ^ W(t) C Al-JR). 

Lemma 8.2.3. We have & £ = {0™) an d © = (& ut ) Gr °<= . In particular, the 
same statement holds modulo p n as well. 

Proof. It suffices to prove G £ 2 {0f) ■ Since {df)*<*> C 0f is a closed 
subspace under the p-adic topology (by continuity of Q~ -action), this claim follows 

from E floo = £ /{p) = {0T/(p)) 9 *<» ■ □ 

Lemma 8.2.4. There exists a unique Q~ -equivariant ring endomorphism p : £ T — >■ 

0™ which lifts the pth power map p> : 0™ / (p) — > 0™ / ijp) and extends p : 0s 
Furthermore, this map restricts to p : 6 ur — > © ur . 
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Proof. It suffices to show that for any finite etale &s -algbra A, there exists a unique 
i^g-algbra map p* A — > A which lifts the relative Frobenius map p*A/(p) — > A/(p) 
over 0s /(jp)- (Note that the Q~ -equivariance follows from the uniqueness; indeed, 
for any g G Q~ , the uniqueness implies gpg~ l = p.) This follows from the same 
argument as the proof of Lcmma l2.3l (the existence of p : Rq — > Ro)- The uniqueness 
follows from ^£-etaleness of A. □ 

For any M G Mod^ £ (p) and T G Rep Zp (C/~ ), we define: 

(8.2.5) T(M) := {0f ®e £ M) v=1 

(8.2.6) V{T) := {0f ® Zp T) G *~ . 
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Note that Q~ continuously act on T(M) induced by its natural action on &W , 

and there is a natural (^-linear endomorphism on T>(T) induced by ip on 0™ . 

For any profinite group Q, let Rep Zp (£?) denote the category of finitely generated 
Zp-modules equipped with continuous ^-action. Let Rep%° c (Q) and Rep z ° r (£) 
respectively denote the full subcategories of free and torsion objects. 

Proposition 8.3 ( |Kat73[ Lemma 4.1.1]). The constructions T and V arc exact 
quasi-inverse equivalences of (^-categories between Mod C ff £ ((p) and Rep Zp (C/~ ). 
Furthermore, T and T> restrict to rank-preserving equivalences of categories between 
Mod™;" 1 0) and Rep£ p 0G (£~ ) ; and length -preserving equivalences of categories 

between Mod^. tor (</?) and Kep^(Q~ ). In both cases, T and T> commute with 
duality. 

Proof. (Cf. |And061 Theorem 7.11]) By devissage, it suffices to prove the proposi- 
tion for the objects killed by p, which is done in Kat73, Lemma 4.1.1]. Note that by 
Theorem 18 . 1 .31 we have identified Q~ with a fundamental group of Spec . □ 

When M is a projective etale (p, 0s )-module, we can define the following con- 
travariant functor: 

(8.3.1) T*(M) := T(M*) = Rome £ ^(M, 0f). 

By Proposition 18.31 we have a natural isomorphism T*(M) = (T(M))* . One can 
define T* for torsion etale (ip, ^?£)-modules using Pontragin duality: 

(8.3.2) T*(M) := Hom^ iV (M, df ®i v Q P /Z P ). 

Clearly, T* preserves exact sequences of projective or torsion objects. Further- 
more, if we have a short exact sequence — > M 1 — > M — > M — > of etale (ip, 0s)- 
module, where M and M' are ^-projective, and M is p-power torsion, then we 
have a natural Q~ -equivariant short exact sequence 

(8.3.3) -> T*(M) -> T*(M') T*(M) -> 0, 

where the second map is defined by viewing / : M' — > 0™ as / : M — > 0™ ®% p Q p 
using the isomorphism M' ®z p Qp — > M ®z p Qp- 

8.4. Base change. Let / : R — > Rl be a map of formally smooth p-adic normal 
domains over 0k which satisfies the assumption in 93.61 and choose a map / : R — > 
R that extends / : R — > R' (as in 96. 6[) . We use the superscript / to denote the 
construction for R' (such as 6' and 0s 1 )- Note that / induces a continuous group 

homomorphism Qr* — > Qr, and a continuous ring homomorphism / : R — > R 
which respects the Galois action in a suitable sense. 

As in (|8.2.2|) . we identify 6 ur and <5' ur as subrings of W(lt) and W^), respec- 
tively. Since the map W(f) : W(lt) -> W(lt) takes 6 into &, W(f) restricts 
to a map S ur — > & UT which commutes with oj's and Q w -action if we let Qb> 
act on © ur via the map Qri — > Qr x - We also obtain a map 0™ — > 0™, , which 
respects (p and Galois actions. 

Now for any etale (ip, 0£)-modu\e M, we obtain a natural Qw -equivariant 
map T(M) — > T(0£> ®e E M), where Qr<^ acts on T(M) via the natural map 
Qr> — > Qr^- This map T(M) — »• T(0£' ®e e M) is indeed an isomorphism, as it 
is an injective map of finite free Z p -modules of same rank with saturated image. 
Similarly, we obtain T*{M) ^ T* (0£> ®e £ M )- 
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Lemma 8.5. For any quasi-Kisin 6 -module DJl, the natural morphism 

Hom 6 , v (9Jt, 6 ur ) -> T(SDt) = Hom e ,,(<H, Gf), 

induced by the natural inclusion 6 ur ^£ r , is an isomorphism. 

Proof. When R = Gk with perfect residue field the proposition is proved in |Fon901 
§B, Proposition 1.8.3]. For the general case, let k' := lim Frac(i?/zAj) be the 

perfect closure of Frac(i?/tu). As discussed in iJ3.6l (Ex6), there is an ^--algebra 
homomorphism R — > G'k> = W(fc') ®w @K which satisfies the assumption in (J3.6I 
We apply the discussion in S)8.4I to this setting. 

Let us write ©', Ggi, © /ur , and G™ f° r the rings constructed from Gk>- Now, 
note that for any quasi-Kisin ©-module 9Xt, the scalar extension ©'<g>e9# is a quasi- 
Kisin ©'-module. In particular, we obtain a natural C/A'^-cqui variant isomorphism 

T*(9tt) A- T*(6' <8 S 5H) (c/., Now, applying the result for ^ (which is 

known by [Fon901 §B, Proposition 1.8.3]), it follows that any (^-compatible map 
x : 971 — > G™, has image in (3 /ur (~l ^g r . To conclude it suffices to show that 

gur = g/ur n ^ur j n tunlj j t su ffi ces to ^ t l mt f or any s g ©' ur fl <5£ r the 

subalgcbra 6[s] C £?g, r is finite over @. But {Spec©', Spec Gs} is an fpqc covering 
of Spec©, and the assumption on s implies that &[s] is finite over ©' and Gg[s] is 
finite over Gs. Now the claim follows from fpqc descent theory. □ 

9. Comparison between Galois-stable lattices 

Assume that R satisfies the condition (dJ) in jj2. 2p . Then we have an exact 
anti-equivalence of categories 

971* : {p-divisible groups over R} MF s {ip, V) r Mod 6 (v?, V). 

{Cf. Corollary [73H1 ) We also associated, to a p-divisible group G over R, a Q~ - 
representation T*(3Jt*(G)) {cf., Lemma [8.5|) . The main goal of this section is to 
prove the following proposition: 

Proposition 9.1. Assume that R satisfies the condition (Sm) in §5.4\ Let A4 £ 

MFs(ip, V), and suppose that 9Jt £ Mode(v?) zs a quasi-Kisin &-module such that 
M. = S^^.e^ffl as quasi-Breuil S -modules. Then there is a natural Q~ -equivariant 
injective map 

which is an isomorphism if p > 2. Furthermore, for any p we have a natural 
Q~ -equivariant injective map 7~*(%Jl*(G)) c -> V P (G), whose image is T p (G) . 

If p > 2 then the second assertion follows from the first due to Theorem 16.31 
while it requires more work if p = 2. 

Recall that T c * ris is defined via a Qr^ -invariant embedding S c — ► A als {R) which 
respects the suitable connections on both sides {cf., (|6.4.ip ). On the other hand, T* 
is defined using the period ring 6 ur , which admits a Q~ -equivariant embedding 

into W{R b ), hence into A^. is {R). To "interpolate" these two constructions, we 
introduce auxiliary scmilinear objects over S as below. 

9.2. More divided power algebras. Assume that R satisfies the condition (Sm) in 
^5.41 although most of definitions make sense with more generality. We view R as an 
i?o-algebra via the fixed section Ro ^ R as in Lemma [231 and consider Rq®z © -» 
R defined by i?o-linearly extending the natural projection © -» &/{E{u)) = R. 
(Here, <£> is the completed (^-product with respect to the p-adic topology.) Let S 
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denote the p-adically completed divided power envelope of i?o®z p © with respect 
to ker(i? ®z p (3 -» R), which is generated by E(u) and a (g> 1 — 1 ® a for a e i? - 

Let Fil 1 S denote the divided power ideal with S/ Fil 1 S = R. Note that (p ® ip 
on R (g)z p & extends to tp on 5, and we have ((^(Fil 1 5)) = pS as ip{E{u)) e p£ x . 
We set 951 := f : Fil 1 5 -> 5. 

We define a connection d~ : S S ®„ -5^- by extending the universal 

continuous derivation for i?o<8>z p © in a usual way, and define d~ : S 1 — > S 1 (£># Q ^i? 
by composing d~ with the natural projection S <& R g e fl R g e -» S ®r Qrq- 

One can embed & = Rq[[u]] into S in two different ways, as follows: for any 
J2^Lo a nU n e 6 with a„ e i? 

00 00 

(9.2.1) ti 




(9.2.2) z 2 : > a n u n h-> 1 <g> > a„u" 6 S 



Both maps extends to «i,«2 : ^ > S 1 , which respect 99 and the divided power 
structures. Note that i\ is horizontal when S is given a connection d§, and «2(<5') = 

(5) s . Let us also consider the map 

(9.2.3) S : S ->• S; a <g> s a-s for any a £ i? , s e 6, 

which respects 99, the divided power structures, and the connections when S is 
endowed with dg. Also note that S o i\ = 5 o i 2 = ids. 

We now define a 99-compatible 0~ -invariant i?o-algebra map J : S* A cr j S (_R) 
as follows. First, recall that we have a 99-compatiblc Q~ -invariant map & ^ 

W(R). (Cf. (|8.2.2p .) We may i? -linearly extend this map to R <g>z p 6 ^ 
-Ro ®z p W / (-R l> )j which extends to S M> A cr i s (JJ). This map, which we denote by 
J, is clearly compatible with 99 and V, and the image of Fil 1 S is precisely the 
intersection of the image of S and Fil 1 A cr i B (R). 

We remark that the embedding S — S A- A cr ; s (i?) is precisely the embedding 
we use to define T* ris (|6.4.1|) . The embedding & — h S A A cr i S (i?o) has image in 
W(R ) C AY ris (R) and coincides with the map (|8.2.2j) . 

9.3. More filtered modules with connection. By applying Proposition ^. 2. 41 to D = 
S, we obtain an equivalence of categories S ${$) from the category of Dicudonnc 
crystals over Spf(i?, (w)) to MF~(99, V) (following the notation of Dcfinition l3.2.2")) . 

Since S <£(S) also defines an equivalence of categories into MFs(99, V), we obtain 
an equivalence of categories MFs(99, V) — » MF~(99, V). 

We can indeed make the functor MFs(99, V) — > MF~(99, V) explicit as follows. 

The maps 11,12 ■ S — >■ S and S : S — > S are divided power morphisms over R, 

ij — 

so they induce a horizontal 99-compatiblc filtered morphisms $(S) =± ${S) (with 

8 

j = 1, 2) for any Dieudonne crystal £ over R. Since 6 oi 1 = ids, we obtain natural 
isomorphisms 

(9.3.1) e(S) = S® tj ,s*(S), £(S)^S® s:s £(S), for j = l,2. 

Set Ai := S"(S) and M. := S <E> tl .s <£{S), using i\. Then one can check that the 
following coincides with the natural extra structure on £($) as in Proposition ^ . 2 .41 
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(1) Vfo = <Ps®<pm; 

(2) V^j is the connection over d~, such that if for m G Al we have Vx(to) = 
J2i m i ®dsi then V_^(l®m) = £V TO i ®d(ti(sj)); 

(3) Fil 1 Al is the preimage of the Hodge Filtration on d?(R) by the natural 
projection S(S) -» <f(i?). 

Remark 9.3.2. Note that we can use ^2 instead of i\ and repeat the above con- 
struction, but it follows from Proposition 13 . 2 .41 that there is a natural isomorphism 
M := S ®, ljS #(5) = S ® 42 , s (S) in MF~(^, V). 

For any M G MF~(< y 5, V), we define a connection : M ^ M ®r„ Qr 
compatible with d~ on S by 

(9.3.3) : M ^M® R ~ & (0^) -^M® Ra h Ra7 

where the second map is the natural projection. 
The relation between VJ^ and V 11 — is as follows: 



M 



(9.3.4) V ^j( ? ® m ) : = ? ® V 5U( TO ) + m ® 

for any m£M and s G S. Here we use zi to get A4 = S ®u,S AL We will often 
work with V~ instead of V ~ . 

Remark 9.3.5. By abuse of notation, let i\ : M. —> S ® tl ,s A'f =: A4 be the natural 
map, and i2 : Af ^ .Si ® l2 ,s M = M the composition of the natural map and 
the natural isomorphism discussed in Remark 19.3.21 Then while i\ is horizontal 
with respect to V^, and one can directly see that 12 {M) = Af v =0 . This 

observation will be used later in jj9.41 

Using the embedding j : S j4 cr i S (i?) constructed in *j9.21 we define 

(9.3.6) T* lis (M) := Rom~^ ml ^ u (M,A clis (R)) 

for M G MF~(ip, V). Here, the morphisms are required to respect the connections 
on M and V on A ais (R) defined in g5Tj Note that T* is (M) is p-adic, and 

has a continuous £/~ -action (as 5 c — >■ A cr i S (i?) is C?~ -invariant). 

For any Af G MFg(y3, V), there is a p-divisible group G over i? such that 
M\\\ = M*(G')[±) := B*(G')(S)[^} by Theorem [33] Set Al := §® J1)S M G 
MF~(^,V). Then we have a natural isomorphism D*(G') := B*(G')(i?o)[^] = 
^o[^] ®g Al as objects of MF^ fi|) (^,V) (cf., Example 15. 6. ip . where we view R 
as an S*-algebra via s4S-» i?o, an d the Hodge Filtration on Rq[-} ®~A( is given 

by the image of Fil 1 Al . Note that the following defines a (^-compatible section of 
the natural projection M[^] -» D*(G'): 

(9.3.7) s:D*(G') -4 A([l/p] ^> Af[l/p], 

where s is as in Lemma 13.3.61 and i\ is as in Remark 19.3.51 Clearly, s" is a unique 
i/j-compatible section. 

Lemma 9.3.8. We use the notation as above. There exists a natural Q~ -equivariant 

isomorphism V P (G') = T* ris (Af)[-] ; and the image of T* lis (M) in V P (G') is same 
as the image ofT* ris (M) in V P (G'). 
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Proof. By Theorem l6.3l we have a natural ^-isomorphism V P (G') = V* lis (D*(G')). 
Since the section s (|9.3.7p induces an isomorphism 

1 ®«: B cris (i?) ® flo[1/p] D*(G') ^> B cris (i?) 

one obtains a £ ~ -equivariant isomorphism T* ris (At ) [~] A- V c * is (D* (G 1 ) ) = V p (G") . 

For the second assertion, i\ : Ai — > (c/., Remark I9.3.5|) induces an C/~ - 

equivariant map T* rls (.M) — >• T c * ris (A^), which is surjective (as 8 : A4 — > A4 defines 
a section) and respects the embeddings into V P (G'). The lemma now follows. □ 

9.4. Proof of Proposition!!)?!! Consider M G MF S (^, V) and 97t G Mod e (</?) such 
that SQ^&fXIl = M. Set M := S<S> ll .sM, as before. By Lemma I?. 3. 81 it suffices to 
construct a natural Q~ -equivariant injective map T*(97t) — > T* ris (M) and show 
that it is an isomorphism when p > 2. 

The map 12 ■ M — > M (cf., Rcmark l9.3.5p induces an Qr x -isomorphism 

(9.4.1) Rom StFa , tVl (M,Al is (R)) - Hom^ Fi|1 vu (M : A cris (R)) = K is (M). 

This is an isomorphism because l 2 {M) = (M) v " =0 . Since we have S'<g> Vj e97t = A4, 
we obtain a Q~ -equivariant map 

(9.4.2) T*(M) = Hom e . v (97t,6 ur ) -> Hom s , FilVl (M, Al is (R)), 

where the arrow is induced by ip : 6 ur -> Aj^R). This map is clearly injec- 
tive. Combining (|9.4.ip and (|9.4.2p . we obtain a Q~ -equivariant injective map 

Let us show that the map (|9.4.2p is an isomorphism when p > 2. We follow the 
same strategy as in }Kis06l Theorem 2.2.7]. It sufices to show that the following 
map, obtained by reducing the map (|9.4.2p modulo p, is an isomorphism when 
p > 2: 

(9.4.3) Hom e , v (OT/(p),6 u 7(p)) Hom s , Fil i ?1 (M/(p), A c v ris (i?)/(p)). 

Since both sides are finite-dimensional F p -vector spaces of same dimension, it suf- 
fices to prove injectivity. Note that A^ lis (R) / {p) is naturally isomorphic to the 

divided power envelope of R with respect to zu e , so it easily follows that the 
kernel of <p : G t ^/(p) — > A^ is (i?) is principally generated by u e . Therefore, 
x : SCI/ (p) — > (5 ur /(p) is in the kernel of (|9.4.3p if and only if the image of x is 
contained in u e & nr . 

Recall that ( 1 igD t^jot ) (9Jt / (p) ) contains u e 97t/ (p) = E(u)DJl/ (p). Since x commutes 
with (p'a, we have 

(9.4.4) u e -x{m) = x{u e m) = x((l ® Vm ){m!)) G p(u e )-& ur /(p) = u pe -& ur /(p), 
where m G 97t/(p) and m 1 G (p*(0K/(p)) such that (1 ® ^sjt)(m') = u e m. So we 
have x(97t/(p)) C u( p_1 ) e -6^ r /(p)- If p > 2, then we can iterate this process to get 
x = 0, which implies that the map (|9.4.3p is injective. This concludes the proof of 
Proposition 19.11 when p > 2. 

Remark 9.4.5. The map ([9.4. 2p is not necessarily an isomorphism when p = 2. 
For example, set 971 := 97T(G m ) and M := M*(G m ). Note that we can find a 
(5-basis e G 971 such that </?ayt(e) = E(u)e. Then one can show that the image of 
T*(97t) in T* lis (M) is 2-T* lis (M) by the same proof as |Kiml2[ Proposition 5.4(2)]. 
On the other hand, it is not difficult to show that T p (G m ) = 2 • T* ris (A4) , so we 
nonetheless have T p (G m ) = T*(97t). We can show the same statement when G' is 
a multiplicative-type p-divisible group. 
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It remains to show that the Z p -lattices T p (G) and T*(97t*(G)) in V P (G) coin- 
cide when p = 2. Recall that there exists a (unique) (p-equivariant map i?o — ► 
W(Frac(i?/w)P° rf ) (cf., gMl(Ex6)). Set 6 K > := VF(Frac(i?/ro)P crf ) ® w G K , which 
is an p-adic discrete valuation ring with perfetct residue field. As discussed in tJ8.4l 
applying the base change R — ► Gk 1 does not change the Q p -vector space Vq(G) and 
the Zp-lattices T p (G) and T*(97t*(G)). So in order to show T p (G) = T*(TT (G)), 
we may assume that R = Gk 1 with perfect residue field. But this is known already, 
independently in [LaulOaj and in |Kiml2j . This concludes the proof of Proposi- 
tion E3] when p = 2. 

9.5. Thep = 2 case of Theorem l3.5l and Corollarv l7.3.1l Using Propositions l7.3l and 
19.11 we can complete the proof of the p = 2 case of Theorem [223 and Corollary [733] 
as follows: 

Corollary 9.5.1. Let p = 2, and assume that R is p-adic formally smooth (?K-algebra 
such that R/(zu) is normal and locally admits a finite p-basis. (This is implied by 
the condition (dJ) in §EiM ) Then the following functors 971* and M* are fully 
faithful: 

0)V 



{p-divisible groups/ R} — — > MFf'(tp, V°) i = Modg'^, V°) 

s®<?,& ( _ ) 

Proof. By Proposition 17.31 it suffices to show that 97t* is fully faithful. For 971 := 
971* (G) and 971' := 971* (G') where G and G' are p-divisible groups over R, consider 
a map a : Since we already showed that 971* is 

fully faithful up to isogeny (as Ai* is so by the proof of Theorem 13. 5p . there is a 
homomorphism /' : G — > G' with 9Jt*(/') = p n a for some n. Applying the base 
change R — > R(m) { c f-, ^3.61 (Ex5)), it follows from Proposition 19.11 that /' kills 
G[p n ]n {m y So the kernel of /' : G[p n ] — > G'[p n ] is some finite (not necessarily flat) 
subgroup of G[p n ] containing G[p n ] R(m ), so it should be equal to G[p"]. It now 
follows that there is a homomorphism / : G — >• G 1 such that p n f = f . Clearly, 
971* (/) = a. Faithfulness of 971* is proved very similarly. □ 

Remark 9.5.2. The proof of Corollary 19.5.11 uses Propositions 17.31 and 19. ll (and 
implicitly, Theorem 16.31 and Corollary I6.4.2[) . The proof of any of the aforemen- 
tioned statements does not use that M* (or 971*) is fully faithful, so the proof of 
Corollarv l9.5.1l (i.e., the p = 2 case of Theorem 13. 5J) is not circular. 

10. Finite locally free group schemes 

In this section, we deduce some results on classifications of finite locally fre^3 
group schemes via torsion versions of Brcuil ^-modules and Kisin ©-modules from 
classification of p-divisiblc groups (cf., Theorem l3.5l Corollary |4.3.21 Corollarv l7.3.1|) . 
We follow the basic strategy of Kisin [Kis06[ §2.3] though it needs to be modified 
since our base ring R does not have to be local. To explain, let us recall the following 
theorem of Raynaud [BBM821 Theoreme 3.1.1]: 

Theorem 10.1. Let H be a commutative finite locally free group scheme over some 
scheme X . Then there exists a Zariski covering {U a } a of X and an abelian scheme 
A a over each U a such that Hjj a can be embedded in A a as a closed subgroup. 



Note that we always assume our finite locally free group schemes are commutative. Although 
"finite flat group scheme" is a much more popular terminology, we use "finite locally free group 
schemes" to avoid any ambiguity; indeed, non-noetherian base schemes do appear in the argument, 
and we require the structure morphism to be finitely presented in that case. 
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Now assume that R is J^-adic for some ideal Jr containing p, and let H be 
a finite locally free group scheme over R of p-power order. (Note that there is no 
difference in viewing H either over Spf (R, Jr) or over Spec R.) We apply Raynaud's 
theorem for H over Speci? to obtain an open afhne cover {U a = Speci? Q } and an 
abclian scheme A a over each U a . So we obtain a p-divisible group G a := A a [p°°] 
over the Jij-adic completion R a of R a into which H-^ can be embedded. (Note 

that {Spf (R a , JrRoi)} is a Zariski open covering of Spf (R, Jr).) Therefore, in order 
to use our results on p-divisiblc groups, it is necessary to work "Zariski locally on 
the base" (using Lemma and glue them. 

We now explain another lemma that will be useful later (c/., the proof of Propo- 
sition [TUH]) • Let us consider a full triangulated subcategory Isog^. of the derived 
category of fppf sheaves of abelian groups over R, generated by two-term complexes 
G* :— [G° — > G 1 ] at degree [0, 1] such that G % are p-divisible groups and d is an 
isogeny. Note that the only non-zero cohomology of G* 6 Isog^. is H°(G*), which 
is a finite locally free group scheme over R with p-power order. 

Lemma 10.1.1. The functor H° : [G° G 1 ] ~> ker(d) from Isog^ to the category 
of ' p -power order finite locally free group schemes over R is fully faithful. 

Proof. Let G' := [G° A G 1 ] and G" := [G'° ^ G' 1 } be objects in Isog^, and set 
H := H°(G*) and H' := H°(G"). 

Let / : G* — >■ G" be a morphism such that H°(/) is a zero map, and we seek 
to show that / is a zero map. This can be checked after composing with any 
isomorphism, so we may assume, without loss of generality, that / is given by 
morphisms f : G l — > G n of p-divisible groups. If H°(/) : H — >• H' is a zero map, 
then f° factors through G 1 giving a null homotopy for /. Now it easily follows that 
H° is faithful. 

If / : H — > H' be any homomorphism, then we can factor / into H — ■ — >• 
H xH' -» H'. Since H x H' := ker[(rf, d!) : G° x G'° -> G 1 x G' 1 ], we may assume 
that / is a closed immersion by replacing / by (1, /) if necessary. Set G"* := [G'° — > 
G'°/f(H)]. Then we have H = H°[G"'] and / comes from g : G'" -> G" where 
9° = id and g 1 is the natural projection. □ 

10.2. Torsion filtered S-modules. In this section, let (&, ip), S, E, and R be as in 
either t!3.3l or 37.11 If R satisfies the condition (dJ) in 32.21 (which is the case of 
prime interest), then both settings yield the same 6 and S. Otherwise, we cither 
have & := i?o[[it]] such that the kernel of © ^> R is not required to be principal 
and E € W[u] is a minimal polynomial of w (cf, W3. 3[) . or require the kernel of 
& R to be generated by E G 6 but do not require 6 is of the form i?o[M] with 
u mapping to w £ R (cf., 37. 1[) . Note that Proposition 13.2.41 applies to D = S 
constructed in either way. 

Definition 10.2.1. Let MF 5 (( / 9) tor denote the category of tuples (M , Fil 1 M , ^i) 
where 

(1) M. is a finitely generated 5- module which is killed by some power of p, such 
that it is a successive extension of projective S'/(p)-modules; 

(2) Fil 1 M C M is an S-submodule containing (Fil 1 S)M, such that M / Fil 1 M 
is of i?-projective dimension 1; 

(3) ^ : Fi^M -> M is a (^-linear endomorphism of M. such that ip\(M) 
generates M. and for any s € Fil 1 S and meMwe have 

i \ it? \ 
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Note that <fi{E) eS x . We define ip : M -> M by 

<Pm(™>) := tpi{E)~ 1 ip 1 {Em) 

for any m £ M.. Then we have ipM = Pfi on Fil 1 A4. 

Let MF s {f, V) tor denote the category of tuples (M , Fil 1 M , if\ , Vjh ) where 
(A^^il 1 ^,^!) G MF s ((^) tor and \7 M : M -t M ®e is a quasi-nilpotent 
intcgrablc connection which commutes with ifM ■ 

If 6 = Ro[[u\] where u maps to w € R, then we let MF| r (<^, V°) tor denote 
the category of tuples {M, Fil 1 M, ipu Va< ) wh cre (M , Fil 1 M , y>i ) £ MF s (^) tor 
and Vtvi : A4q — > A4 (E)r f2.R is a quasi-nilpotent integrable connection on 
A^o : = Ro ®s M which commutes with ifM - 

The proof of Lemma [3.3.51 shows that if 6 = Ro [[«]] then the natural functor 
MF S (</?, V) tor -> MF| r O, V°) tor (defined in the same way as in Remark is 
fully faithful. 

Remark 10.2.2. Let M £ MFs(^) tor , and we will define a 5-linear map tpM '■ -M — > 
<f* M. such that o (1 % fM) = p'^tp*M and (1 (g> <fM.) ° ipM = pidTn- (Morally, 
i>M is the "inverse" of 1 ® 

Let Fil 1 (t,c*A^) denote the image of Fil 1 M in <^*.M. We claim that the 
surjective map 1 ig> if\ : FH 1 {ip*A4) -» .M is an isomorphism. Indeed, Defini- 
tion [TUHHIII]) implies that .M[p l ]/.M[p J+1 ] is projective over S/{p), and hence an 
object of MFs(</?) tol • By devissage, we may assume that pA4 = 0, in which case 
it suffices to show that Fil 1 (</?*A^) is projective over S/(p) with same rank as A4. 
Now, note that we have 

Fi\\f*M) = S/(p) ® v ,s/(p) Fil 1 M/{EFil 1 M + (FiF 

Observe that Fil 1 M/(E Fil 1 X + (Fil p S)M) is indeed a module over 5/(p 3 FiF S) = 
R/(p), and it is an extension of Fil 1 X/^Fil 1 S)M by (Fil 1 5X)/(-BFil 1 + 
FiPSA/f) £- M/Fil 1 M\B Note that X/Fil 1 ^ is i?/(p)-projective since it is 
of i?-projectivc dimension 1 which is killed by p. As Fil 1 ^/(Fil 1 S)M is the 
kernel of M/{Fi\ 1 S)M -» M/ Fil 1 M, it is i?/(p)-projective. Now it follows that 
Fil 1 M/iEFil 1 M + (FH P S)M) is R/(p) -projective with the same i?/(p)-rank as 
M/ Fil 1 SVW, hence Fil 1 {if* M) is S/(p)-projective with the same S/{p) rank as M. 
Since 1 (8 <fx : Fil 1 (y)*A / () — ► M. is an isomorphism, we can define 

ip M ■ M mvir \ Fil 1 ^*^) ^ ip*M, 
which has the property we desire. 

10.3. Classification via torsion Kisin modules. For this section, let {&,<f), E, and 
R be as in gTZQ 

Definition 10.3.1. A torsion quasi-Kisin &-module is a pair (*JJl, (fim)i where 

(1) 971 is a finitely presented ©-module killed by some power of p, and of ©- 
projective dimension ^ 1; 

(2) f<xii : 97t — > 97t is a ^-linear map such that coker(l ® fm) is killed by E. 
Let Mode(y) tor denote the category of torsion quasi-Kisin ©-modules. 

Let Mode(<y9, V) tor denote the category of pairs (9Jt, Vm) where 971 is a quasi- 
Kisin ©-module and V» : M —> M ®e on M := S ® v ,6 971 is a quasi-nilpotent 
integrable connection which commutes with fM fs ® ¥>on- 

We let (Mod FI) 6 (p,V) and (Mod FI) 6 (<p) denote the full subcategories of 
971 such that 971 = @ 97t ? ; as a ©-module where 97li are projective over 6/{p ni ). 



'This is an isomorphism since Fil 1 S = ES + Fil p S and ES n FiF S = E FiW S. 
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Definition 10.3.2. Assume that & = Rq[[u]] and E G W[u] is a minimal polynomial 
of w. Then let Modg'^, V°) tor denote the cate gory of pairs (at, V^vio) where 
at G Mode ((/3) tor and Vx is a connection on A^o := i?o ®y>,e at which makes 
Mo into an object in MF Ro (tp, V) tor . We similarly define MFf r (v?, V°). We call 
an object in Mod™ (tp, V°) tor (respectively, in MF| r (<y9, V°) tor ) a torsion Kisin 
& -module (respectively, a torsion Breuil S -module) . 

We let (Mod FI)© (<p, V°) denote the full subcategory of 9Jt G Modg 1 ^, V°) tor 
whose underlying 93-modulc belongs to (Mod FI) e (99). 

Remark 10.3.3. When R is as in Definition llO.3.21 one can define a natural functor 
Mod 6 (tp, V) tor -> Modg (<A v °) tor b Y the 

same way as in Remark 13.3.41 and the 
same proof of Lemma [6 . 3 . 5 1 shows that this is fully faithful. We will see later that 
this functor is an equivalence of categories if R satisfies the condition (dJ) in ^2.21 
(cf., Theorem MM- 

Let OJl be an object of either Mod e (y) tor or Mod 6 (tp, V) tor , and set M := 

5 V ,6 at. One can define Fil 1 M C M and tp 1 : Fil 1 M — > M using the same for- 
mula for torsion (quasi-)Kisin modules (cf., (|7.1.2[) . (|7.1.3p ). The following lemma 
shows that M with this structure is an object in MF s (<^) tor (or MF s (<p, V) tor if 

an g Mod e (<A v) tor ). 

Lemma 10.3.4. Let at be a finitely presented 6 -module killed by some power of p. 
Then 9JI is of & -projective dimension ^ 1 if and only i/an[p J+1 ]/an[p I ] is projective 
over &/(p). 

In particular, (Mod FI) 6 (<^) contains all objects in Modg (^) tor that are killed 
by p, and any object in Mode(<p) tor arc obtained by some successive extension of 
objects killed by p. (The same holds for torsion Kisin ©-modules whenever they 
are defined.) 

Proof. The statement can be verified after completing at at each maximal ideal of 

6 (cf., |Mat861 page 280]), so we may assume that 6 = 0^T\, ■ ■ ■ ,Td\] for some 
finite extension ff of W . By the Auslander-Buchsbaum theorem (relating projective 
dimension and depth for modules over a regular ring) , a non-zero p-power torsion 
module at is of 6-projective dimension 1 if and only if (Ti, ■ ■ ■ ,Td) is a regular 
sequence for at. Now the "if" direction is clear. 

Let at be a nonzero p-powcr torsion 6-modulc with projective dimension 1. The 
"only if" direction would follow if (Ti, • ■ ■ , Td) is a regular sequence for 9n[p l ] and 
at/anfp 1 ] for any i ^ 0. We use induction on d. The claim is clear if d = (i.e., 
& = ff). Assume that the claim holds for p-power torsion modules over &/(Td). 
For example, if we set at' := at/T^at, then the induction hypothesis implies that 
(Ti, ■ ■ • ,T d _i) is a regular sequence for (M/T d M)[p l ] and p^^yj^y- (If d = 0, 
then the induction hypothesis is a vacuous condition.) 

We first claim that the natural map m.\p i ]/T d ^K\p i ] -)■ (at/T d at)[p ?; ] is an iso- 
morphism. Injectivity follows from T^at n at[p J ] = TdDJl[p 1 ]; indeed, if y G at 
satisfies p l Tdy = 0, then p t y = since Td is a regular clement for at. For surjectiv- 
ity, it suffices to check that for y G at \ T^at, p l y G T^at implies p l y = 0; indeed, 
if j is the minimal integer such that pPy = and j > i, then p l ~ l y is a non-zero 
element of at killed by Td, but Td is a regular element for at. This shows that 

m[p i }/T d m[ P 1 } ^ (m/T d m)[ P 1 }. 

From this isomorphism, it also follows that (OT 7rfff[p-] - r d 9W+aw[p-] - T d fflt/gS']) ; 
indeed, the first isomorphism holds because 9Jl[p l ] surjects onto (9JI /Td9Jl){p 1 } . By 
these isomorphisms and the induction hypothesis, it suffices to show that Td is a 
regular clement for both at[p l ] and an/at [p 1 ]. This assertion is clear for at[p 4 ], and 



CLASSIFICATION OF p-DIVISIBLE GROUPS 



51 



for 9Jt/9Jt[p l ] snake's lemma gives us 

ker[T d : 9Jt/0%*] -> aJl/SDlfp*]] ^ ker^^/^^bi ^ 2R/T d 0R), 

but the target of the map is zero because £!7t[p*]/T rf SCI , l[p i ] ^ (97l/T d OT)[p 4 ]. Hence, 
Id is a regular element for 9Jt/9Jt[p 4 ]. □ 

Proposition 10.4. Assume that the functor M* on p-divisible groups over R is 
fully faithful. ( cf . , Theorem \3.5\ ) Then there exists an exact fully faithful functor 
Ai* from the category of p-power order finite locally free group schemes over R to 
MFs(<y9, V) tor with the following properties: 

(1) For any p-power order finite locally free group scheme H over Spf (i?, {w)), 
there exists a natural horizontal isomorphism M*(H) = H>*(H)(S) which 
matches M*(H)/ Fil 1 M*(H) with the quotient e* H Vt H ofW(H)(S), and 
(l®<p,ij>) onM*(H) (cl, Remark[TEKM> with (F,V) onW(H)(S). 

(2) If H = ker[d : G° — > G 1 } for some isogeny d of p-divisible groups, then there 
exists a natural isomorphism A4*(H) = cokcr[.M*(<i)] in Mode(</?, V) tor , 
where Fil 1 cokcr[A^*(c?)] is the image of Fil 1 M*{G°). 

(3) The formation of M* commutes with any Stale base change Spf (i?', (vj)) — > 
Spf (R, (ro)). If R satisfies the condition (dJ) in §2. 21 then we allow R' to be 
a Jn-adic formally Stale R-algebra such that R' / JrR' is finitely generated 
over R/ Jr. 

If R = &/(E) with <pi(E) £ S x and StJl* on p-divisible group over R is fully 
faithful (cf., jJTTTJ Remark \7.3.2\) . then there exists an exact fully faithful functor 
9JI* from the category of p-power order finite locally free group schemes over R to 
Mode (<A V) tor with the following properties: 

(1) For any p-power order finite locally free group scheme H over R, there 
exists a natural isomorphism S ® V! e Tt*(H) = M*(H) in MF s (<p, V) tor . 

(2) If H = ker[d : G° — > G 1 } for some isogeny d, then there exists a natural 
isomorphism 9JT*(H) = coker[9Jt*(<i)]. 

(3) The formation ofDJl* commutes with any Stale base change Spf(i?', (nj)) — > 
Spf (R, (tu)). If R satisfies the condition (dJ) in $2.21 then we allow R' to be 
a Jft-adic formally Stale R-algebra such that R' / JrR' is finitely generated 
over R/ Jr. 

Note that this proposition can be applied if R satisfies the condition (dJ) in W1.2\ 

Proof /Construction. Let us first construct COT*, assuming that we are in the setting 
of jj7.ll and 9JI* is fully faithful on p-divisible groups over R. For any isogeny 
d:G° ^G 1 of p-divisible groups over R, ffl := coker[9Jt* (tf) : M*(G 1 ) -)• 9JT(G )] 
is clearly a torsion Kisin ©-module. By Corollary 17.3.11 and Lemma fl 0.1. 11 H° o9Jl* 
induces a fully faithful functor Isog^. — > Mod©^, V) tor which commutes with etale 
base change Spf(i?', [w)) ->■ Spf{R, [w)). If H := ker(d), then we set 9Jl*(H) := 
coker[9Jt*(d)]. 

Let H be a finite locally free group scheme over R of p-power order. Then by 
Raynaud's theorem fTheorem llO.ll and the subsequent discussion for J = (vj)) there 
exists a Zariski covering {Spf(i? Q , (zu))} a of Spf(i?, (w)) and p-divisible groups G a 
over R a such that HR a C G a . 

Recall that for each R a there is a natural 6-algcbra & a together with a unique 
choice of ipe a over (p<g, such that & a /(E) = R a . (Cf. Lemma |2"1)1 Remark \7. 3.41 ) 
Note also that {Spf (6 Q , (p, E))} is a Zariski covering of Spf (6, (p, E)). Now, 
9Jl*(HR a ) G Mode Q (</?, V) tor makes sense, and the natural glueing datum on 
{H Ra } induces a glueing datum on {Wl*(H R J}. We define M*(H) e Mod e (v?, V) tc 
by glueing {M*(H Ra )}. 
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Let us turn to the construction of M* for p-power order finite locally free group 
schemes over R assuming that M* is fully faithful on p-divisible groups over R. 
If {Sp{(R a , (zu))} is a Zariski covering of Spf (R, (w)), then {Spf (S a , (p))} is a 
Zariski covering of Spf(S l , (p)) where S a denotes the p-adically completed divided 
power envelope of & a with respect to the kernel of & a -» R a . This is because 
1 + Fil 1 S C S x by "divided power calculus". Now, we repeat the construction of 
SOT* above to obtain M.* on p-power order finite locally free group schemes. The 
rest of the statement is straightforward from the construction of SOT* and M* . □ 

We can improve Proposition 110.41 in the following case: 

Theorem 10.5. Assume that R satisfies the condition (dJ) in §K "A (In partic- 
ular, R is formally smooth over 6k.) Then the functor (Mod FI) e (y, V) — > 
(Mod FI)gV, V°), defined in Remark {WEE 

is an equivalence of caotegories. 
Furthermore, each of the following functors is an anti- equivalence of categories: 

p-power order finite locally 

free group schemes H over R I JEl% ( Mo d FI) e O, V) A (Mod FI)g(^, V°); 



such that H[p n ] is locally free Vn 
infinitesimal finite locally 
free group schemes over R 
unipotent finite locally 
free group schemes over R 



Mod e (<A V) vnilp A Mod e (<^ nilp ; 
^ Mod e (<^,V)^ nilp ^> Mod e (<pf nilp , 



where SOT* is as in Proposition \lU-4\ the other arrows are suitable forgetful functors, 
and the superscripts ^ nll P and ^' m[ P respectively denote the full subcategory of <p- 
nilpotent and ip-nilpotent objects (cL, Definition \1.1.J^ . 

If R — $k[[Ti, ■ ■ ■ , Td]] with perfect residue field k and Rq = W(k)[[Ti, • ■ • , TJ\\ 
with tp{Ti) = Tf , then SOT* composed with the forgetful functor Mode (</?, V) tor ~~ ► 
Mode(v) tor is an anti- equivalence of categories. 

The author suspects that the anti-equivalence of SOT* should hold without flatness 
assumption on H [p n ] 

We prove this theorem later in jjlO.71 

Remark 10.5.1. When R is a complete regular local ring with perfect residue field, 
then a stronger result was already proved [LaulObi ILaulOcj ; namely, that SOT* is 
an anti-equivalence of categories without connection (i.e., the target category is 
Mode(v?) tor )- 

10.6. Galois representations. Assume that R satisfies the condition (Sm) in *j5.4l 

Let H be a p-power order finite locally free group scheme over R. Then H(R) is a 
finite torsion Z p -module equipped with continuous (i.e., discrete) action of 

On the other hand, since ffe ®e SOT* (if) is an etale (ip, ^f)-module, we obtain a 
torsion Q~ -representation T* (SOT* (H)) by Proposition 18. 31 

Proposition 10.6.1. Assume that R satisfies the condition (Sm) in §5.4\ Then there 
exists a natural Q~ -equivariant isomorphism H(R) = T*(9Jl*(H)) with the fol- 
lowing properties: 

(1) If H = kcr[<i : G° — > G 1 } for some isogeny d, then the isomorphism H(R) = 
T*(M*(H)) is compatible with the isomorphism T p {G l ) = T*(50T*(G 1 )) as 
in Provosition \!J. 1\ 

(2) The formation of the isomorphism H{R) = T*(S0T*(-ff)) commutes with 
any etale base change Spf(i?', (w)) —> Spf(i?, (w)). We also allow R' to be 
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a Jft-adic formally Stale R-algebra such that R' / JrR! is finitely generated 
over R/ Jr. 

Proof. If if = ker[d : G° -> G 1 ], then the Q~ -isomorphism TJX?) = T*(M*(G 1 )) 
as in Proposition 19.11 induces a Q~ -isomorphism H(R) = T*{pJl*(H)) with all 
the desired properties. (Here we use the exact sequence (|8.3.3|h ) But since the 
formation of the isomorphism commutes with Zariski localisation, it suffices to 
define the isomorphism on some Zariski covering where H can be embedded in 
some p-divisible group. □ 

10.7. Proof of Theorem 110.51 Assume that R satisfies the condition (dJ) in W2.21 

and let I c R be an ideal with (w) c / C Jr. We set To : = ker(f?o -» R/I)- Recall 
from tj4 . II that for any i-adic formally etale i?-algebra A such that A/ 1 A is an 
inductive limit of etale i?//-algcbras, we have a canonical choice of f?o-subalgebra 
Aq C A and a lift of Frobcnius ipA over <pr . We set &a '■= Ao[[u]] (with <fie A 
extended by u i— ► u p ), and set Iq '■= ker(© -» R/I). Clearly 6 is /g-adically 
separated and complete. If 7 = Jr, then we write J© := /©. (If I = (vu) for 
example, then Iq = (p, E(u)).) 

If {Spf (A a , IA a )} is an ind-etale fpqc covering of Spf (R, I) in the formal scheme 
sense 4 H. then the corresponding {Spf (&A a , I@&A a )} is an ind-etale fpqc covering of 
Spf (6, I@). (Here, ind-etale fpqc coverings are defined in the formal scheme sense.) 
For any 9JT either in Modg 1 ^, V°) tor or Mod e (v3) tor , we let m Aa ~ &A a ®e W 
denote the scalar extension. Note that we will actually work with ind-etale fpqc 
coverings that may not be etale coverings; cf., Proposition 110.7 ."21 

Lemma 10.7.1. For any 9Jt G Mod@ (ip) tm , there exists a Zariski open covering 
{Spf (R a , JrRu)} of Spf (R, Jr) and 9Jl Q , 9Jl' a € Mod© Ra (ip) such that for each a 
there is a (p-eguivariant exact seguence 

o -> m' a -> m a -> m a -.= e Ra ® e m^o. 

Proof. We prove this lemma by adapting the proof of |Kis06[ Lemma 2.3.4] as 
follows. For 9Jt e Mod s (^) tor ^sct L := coker(l ® ip m ) and 91 := ker(l <g> ip m ). 
Choose a finite free i?-module L which surjects onto L and a finite-rank free &- 
module 9JT which surjects onto both 9Jt and L. Set 91 := ker(5Dt -» L). We may 
assume that 9T surjects onto 9T under the natural projection 9Jt -» 971 by replacing, 
if necessary, 9Jt by 9Jt © & r where & r surjects onto 91 and maps to zero in L. To 
summarise, we have the following commutative diagram with exact rows: 

o >m >9Jt >L j-0 . 



>9t >9Jt >L >0 

Since L is free over R and R is of ©-projective dimension 1, it follows that 91 is 
projective over 6. We choose {R a } so that 9T Q := &R a <8>e %l is free over &R a 
for each a. (Note that since &R a is Je-adic, a finitely generated projective &R a - 
module 9Tq, is free if and only if 91 Q /Je9 r l Q is free over &R a / Je&R a = R a /JR,R a . 
So we take R a so that 9 r l ct /Js9T Q , is free over R a /jRR a .) Since both 9T Q and DJl a 
are free of the same rank, we may choose an isomorphism ip*9Jl a = 9Iq,, and define 
ip~ x so that we have: 



I.e., for each n, SpecA a /I n A a are ind-etale over Spec R/ 1" and form a fpqc covering. 
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It is clear that (9ft Q , ip^ ) 6 Mode flQ (v 3 )* 01 and the natural projection 2ft a -» 9ft a 
is (/3-cqui variant. 

Set 9ft^, := kcr(9ft Q -» 9ft Q ), which is a 93-stable submodulc of 9ft Q . We claim 
that DJl' a € Mod6 RQ (<p) tm - If E = p this is obvious, so we assume E ^ p. Set 
:= coker(l (g> <^^, ). Then L' a naturally embeds into L a := R a ®ij L since 

Z4[-] = and R is Z p -flat. It follows that L' Q is annihilated by E. □ 

Proposition 10.7.2. For any 2ft £ (Mod FI)g'((/j, V°), t/iere exists a Zariski open 
covering {Spf (i? Q , JrRo)} of Spf (R, Jr), suc/i that for each a there exist a faithfully 
flat ind- Stale map 

Spf(A»,M) -> Spf(A»,M) andan Aa e Modg^ (95, V°) imf/i 
f/ie following properties: 

(1) /or eac/i a, ^4 Qi o satisfies the assumption for Ao over R a ^ in Theorem \4-4\ 

(2) for each a, there is a ip-equivariant surjective map 9ft / =i ev —» $JlA a '■= 
&A a ®s 9ft such that the induced map Ma .o '■= ^a,o <XV,6a 9ftA -» 
■MA a .o '■= ^a,o ®<p,& 9ft respects connections. 

Proof. In order to prove the proposition, we may replace R by one of R a 's as in 
Lemma ["10.7.11 so that we have CUT € Mode(^) tor with 93-equivariant surjective map 
9ft -» 9ft. (Cf, Lemma II (J .7. II ) The main idea is to find an ind-etale fpqc covering 
over which Mo admits a connection as in the statement. We use some slight variant 
of Vasiu's construction of "moduli of connections" (cf., |Vasl2[ Theorem 3.2], and 
also <ii4.2l of this paper). 

Let us set up the notation. Set Mo := i?o ®<p,e 9ft = Ro ®s (S ®> v ,e 2ft)- Since 
S® v ,e 9ft e MF s (f, V) tor , one can view M Q € MF Ro (<p, V) tor where all the extra 
structure is induced from S ® V) @ 9ft. Similarly, Mo := Ro ® v .e 9ft can naturally 
be viewed as an object in MFjj (<p). We also fix a i?o-direct factor (.Mo) 1 C .Mo 
which lifts (Fil 1 M )/pM C AVpM,. 

Assume that p"9ft = 0. Let {Spf (R a , JrRoi)} be a Zariski covering of Spf (R, Jr) 
with the following properties: 

• (.Mo) 1 . Mof(Mo) 1 , and Qr become free over R a ,o', 

• the underlying i?o-modulcs of both Aio and the kernel of .Mo/p".Mo -» Mo 
become isomorphic to Q)(R a ,o/p l ) di after the base change. 

We may (and do) replace R by one of R a , and drop the subscript a from now on. 

We now construct an ind-etale fpqc covering Spf( J 4 ,(p)) — > Spf (Ro, (p)) as 
follows. Recall that for each ti^lwc have a faithfully flat p-adic formally etale R- 
algcbra Q n such that for any p-adic formally etale i? -algcbra B , HoniR (<2 n , Bo) 
is naturally in bijection with the set of connections on B /(p n ) <SD_r Mo which sat- 
isfy the commutative diagram (|4.2.1|) . One can see without difficulty that there is a 
universal quotient Q[ k of Qi/(p) such that the natural projection Q\ k ®r Mo -» 
Q'l k ®Ro -Ma is horizontal when we give a universal connection on the source. 
Furthermore, by writing down this condition in terms of the "matrix entries" of 
a universal connection, one sees that Q\ k is defined by equations of the form 
x' = B'ip(x') + C where B' and C are matrices over Ro/(p) and x' is a column 
vector of variables. One can check (cf., |Vasl21 Theorem 2.4.1]) that Q[ k is faith- 
fully flat etale over Ro/(p), hence Spec Q[ k is a union of connected components in 
Spec Qi/(p). Let Q[ denote the unique p-adic formally etale lift of Q[ k , which can 
naturally be viewed as a quotient of Q\. 

We can repeat this construction to obtain a union of connected components 
Spf(Q'„, (p)) C Spf (Q n , (p)) where p n M = 0, with the property that Q!j(p n ) ®r 
Mo -» Q'n^RoMo is horizontal. (Note that both p i Mo/p i+1 Mo and p i Mo/p i+1 Mo 
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are free over i?o/(p) by assumption.) Pick a formally etale lift Q' n of Q' n k and view 

it as a quotient of Q n . For any i ^ n, we set Q- := Qi ®q„ Q^, and let Q' x denote 
the p-adic completion of Q'^ := lim . 

Note that each Spf(<2^, (p)) is an faithfully flat and etale over Spf (i?o, (p)), so we 
can choose a direct summand Ao of Q^, such that ^4o is a finite product of domains 
and Spec^4o/(p) surjects onto Speci?o/(p) (which is possible by Lemma 14.2.31( 12]) ), 
As Q'^ is a direct factor of Qoo, A satisfies ((T|) in the statement by Lemma H. 2.31111) . 
The universal connection on induces a connection on Aq ®r A4q, which makes 
it an object in MF/i^, V) by Proposition ^. 2. 41 and satisfies ^ in the statement 
by costruction. Now we set A := Aq <E>w ®k and 9Jt A '■= &a ®e St- D 

Now let us prove Theorem 110.51 By Proposition I1U.41 we only need to show 
essential surjectivity. From Lemma 110.7.11 and Corollary 17.3.11 one easily obtain 
Theorem 110.51 except the assertions involving (Mod FI)g'(y?, V°). We know show 
the remaining part of Theorem 110.51 

By local flatness criterion (for modules over 6/(p*)), for a p-powcr order finite 
locally free group scheme H over R, H[p l ] is locally free over R for each i if and 
only if Wt*(H) G (Mod FI)% (ip, V°). So by Proposition EH and Remark EHJ it 
remains to show that for any 9Jt G (Mod FI)^^, V°) there exists a finite locally 
free group scheme H over R such that dJl*(H) = 9JI. 

For a given M G (Mod FI)g ((p, V°) we choose {R a }, {A a } and Sat A „ G 
Modg^p, V°) as in Proposition [107JJ and set 97t^ a := ker(9Jt Ac , -» 
which is an object in Modg^ ((p, V°). By Corollary gXU we obtain an isogeny 
of p-divisible groups Ga q — > over Spf (A a , (vu)) corresponding to the natu- 

ral inclusion 9R Aa ^A a , and set H Aa '■= ker(G A „ — > G' A ). Clearly we have 
DJl*(H Aa ) — &A a ®e £0T- We will produce H over i? by first descending H Aa over 
i? a , and glue them together. 

We write <B)R a for the ro-adically completed tensor product, and ®g o for the 
(p, -E(u))-adically completed tensor product (or cquivalently, (p, u)-adically com- 
pleted tensor product). Consider maps ii,i2 ■ A a — > A a ®R a A a defined by i\ : a H> 
a®l and ii : a l(g>a for a G -A a , and use the same notation to denote the maps 
i\,i<i : 64 — > Ga^ ®e,R defined similarly. 

A descent datum on i?^^ with respect to the faithfully flat map Spf(v4 Q , (cc)) — ^ 
Spf(i? Q , (w)) of formal schemet[3 is an isomorphism 

(10.7.3) i\H Aa r i* 2 H Aa 

of finite locally free group schemes over A a <E)R a A a which satisfies the natural co- 
cycle conditions. By setting A a ^ k := A a /(zu) and R a , k '■= Rali^), the tensor 
products A a>k ® Rak A a ^ k and A a . k ® Rak A a>k ® Rak A a ^ k arc normaO and locally 
admit finite p-basis. Therefore, by the base change property and full faithfulness 
of 9Jt* as stated in Proposition llU.4rl . we obtain a descent datum on H Aa as in 
(|10.7.3|) from the "(p, u)-adically continuous descent datum" 

(10.7.4) {&A a ®&n a ®A a ) ^ {&A a ®e Ra &A a )® l2 ,&M 



In other words, SpecA a /(ro n ) — > Spec R a /(zu n ) is faithfully flat for each n. 
^Note that these rings are inductive limits of etale .R^^-algebras, and R ak is regular by 
excellence of R^. 

■^Although the base change property of 9Jt* was only stated for formally etale R-algebras R' 
such that R' /(ro) are finitely generated, one can easily generalise the statement to include the ro- 
adie completion A of an inductive limit of such i?"s. In this case, we take 6a to be the (p, u)-adic 
completion of the inductive limit of 6/{/'s. 
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obtained from the fact that &A a ®e 9ft is the scalar extension of &R a ®e 2ft- 
Therefore, we obtain H Ra over Spf(i? Q , (tn)) such that M*(H Ra ) = &R a ®e 971. 

A similar consideration produces a glueing datum on {H Ra } a , so we obtain a 
finite locally group scheme H over R with CUT* (if ) = 9JI. This concludes the proof 
of Theorem UM\ 
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